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Preface

The first idea for organizing this book was to collect some state of art con-
tributions to the literature on mathematical modelling of biosystems written
by representatives of research groups in the Americas. We have also invited
a contribution from the Russian Federation written by A. Finkelstein. The
importance of an interdisciplinary approach to this field of knowledge or of
a biologically-inspired treatment of mathematical structures inherent to Na-
ture, derives from the best insights professed in the last century by researchers
like D’arcy Thompson, Rashevsky, Schroedinger, Ulam and Feynman. This al-
ready traditional avenue of Science in Latin America is now being followed
by many multidisciplinary conferences all over the world and we think that in
order to enhance the participation of young scientists on them, a book written
by invited experts with many years of engagement on these interdisciplinary
scientific activities was strictly necessary. We have chosen nine main themes
to be addressed by these scientists as chapters of the present book. Each of
them is aimed to correspond to a fresh start of the study of the selected theme
at the level of first-year graduate students.

The first chapter by A. Goriely and collaborators of his research group
from University of Arizona at Tucson, USA, emphasizes the mechanism of bi-
ological growth. The developments are based on insights aimed to generalize
the classical theory of exact elasticity from observations of changes of geome-
try due to the dynamics of mechanical quantities during growth. Of particular
importance is the unified treatment of geometry and mechanics and the deep
scientific relevance of the theme with the recent discovery of biological sys-
tems such as the transition helix-spiral ribbon which can provide analytical
solutions to the Foppl-von Karman equations.

The second chapter was written by F. W. Cummings from University of
California Riverside, USA, as part of a successful program for studying the
coupling of pattern to form in Biosystems. This is a research topic which has
its motivation in the early work of D’arcy Thompson, one of the fathers of
Mathematical Biology. The chapter contains some interesting reports on ge-
netic regulatory domains closely coupled to the elements of the patterning
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model. There is also the description of a model of patterning which couples to
morphogenesis with an emphasis on Fibonacci patterns. It follows an appli-
cation of the Gauss-Bonnet theorem for studying the geometry of epithelial
tissues. A very interesting relationship between geometry and pattern is dis-
cussed by stressing the reciprocity of the effects of geometry and pattern on
each other.

The contribution of A. Perelson and members of his research group at the
Theoretical Division of Los Alamos National Laboratory, New Mexico, USA,
is the content of the third chapter. This chapter deals with human immunode-
ficiency virus dynamics. The authors discuss some models in which parameters
such as viral clearance rate, the death rate of active infected cells and viral
load are related to emergence of drug resistance, the type of antiretroviral
agent combination regimen, the level of patient adherence of treatment and
drug efficacy. Due to polymorphism of these retroviruses, associated with a
high rate of occurrence of mutant genomes in each offspring, dual strain mod-
elling is studied. The viral and host factors relations are discussed regarding
to therapeutic success.

The fourth chapter was written by C. Floudas from Princeton University,
USA, and his collaborators. This is a nice review on the De Novo protein
design problem or “inverse folding problem”. The De Novo protein design
framework has two stages: the amino acid sequence selection stage and the
Fold Specifity or Fold validation stage. The authors have also reported on
some improvements of the method related to the speeding up of the sequence
selection stage as well as the fold validation stage. Another improvement is
the possibility of true protein backbone flexibility through the introduction of
models which map amino acid sequences onto a flexible and multi-structured
template.

The fifth chapter introduces the development of a Heuristic for consistent
Biclustering problems as developed by P. Pardalos and his research group from
University of Florida, Gainesville, USA. After an objective characterization
of the problem, an emphasis is also put on the possibility of constructing
a consistent biclustering by deleting some features and/or samples from the
given data set. The method is useful in the organization of microarray data for
diagnostic of diseases in patients. These techniques allow for the introduction
of well-posed optimization problems. Actually the approach used here is the
iterative solution of continuous linear problems. The algorithm developed in
this contribution was tested on Human Gene Expression Index.

The sixth chapter is the contribution of R. Mondaini and his research group
from Federal University of Rio de Janeiro, Brazil to this interdisciplinary book.
The chapter is a report on the fundamental problems of construction of an
analytical formulation for an unconstrained optimization problem aimed at
deriving the lowest upper value of the Steiner Ratio in R? with Euclidean dis-
tance. These results are related with the modelling of biomolecular structures
and are specially adequate to model the tertiary structure of proteins. A proof
of the existence of a lower bound of the Steiner Ratio by Weierstrass theorem
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for a Global minimum as well as a numerical implementation of an algorithm
without derivatives will close the chapter with some perspective to continue
this research field in which the author has worked for the last ten years.

The seventh chapter was written by J. Velasco-Hernandez and B. Tapia-
Santos from Mexico. This contributed chapter has some theorems dealing
with mutated and phenotypic bacteria strains, in which resistance mechanisms
(such as mutation and/or phenotypic switching) are elicited when exposed to
certain biocides, considering their responses to the inhibitory challenge. Com-
petition modelling in a chemostat is used to discuss these issues, considering
nutrient intake and antibiotic sensitivity. The phenotypic switching resistance
seems to be related to inhibitor concentration, not seen in mutation induced
resistance.

The eighth chapter was written by J. Harte, from University of California,
Berkeley, USA. A very nice and comprehensive review on the distribution and
abundance of species. It has been written with the aim of stressing the prob-
lems of pattern formation and the description of process. A deep motivation
is given to young research students for working the fundamentals of a future
unified theory of ecology. A useful warning is also given by providing a com-
parison with the theoretical efforts accomplished until now to create a unified
theory of particles and fields including gravity. Harte is specially acquainted
with these developments due to his past expertise as a theoretical physicist
working in particle physics.

The final chapter is the contribution of A. Finkelstein and his collaborators
at the Laboratory of Protein Physics and Institute of Protein Research of
the Russian Academy of Sciences, Russian Federation. His large expertise on
protein physics has provided an excellent review of this subject which can be
used now for an introduction to the theme by any dedicated research student.
The general ideas are also an adequate introduction for undergraduates to
decide to follow this research field in their future graduate studies. Special
emphasis is put on to explain the “all-or-none” first order phase transitions in
proteins from initial (native) states to the final (denatured) states. It follows
also a discussion of the interesting Levinthal paradox with its solution and of
protein folding in general.

We are indebted to Débora Mondaini, the elder daughter of the first named
editor of this book. She has made a digression from her Ph.D. work to col-
laborate with the necessary editorial work to build up the book. We are
also glad to Dr. Eduardo P. Marques, former Ph.D. student of the Opti-
mization/Biomathematics group of COPPE/CT /UFRJ for reading the man-
uscript.
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We sincerely hope that this volume will be helpful to all those researchers
with a real interest on interdisciplinary themes of biological interest. The
contributions collected here as chapters are an example of that kind of work
aimed at developing the interdisciplinary research field of mathematical and
computational modelling of Biosystems.

Rio de Janeiro, Rubem P. Mondaini
December 2007 Panos Pardalos
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Elastic Growth Models

Alain Goriely, Mark Robertson-Tessi, Michael Tabor, Rebecca Vandiver

Program in Applied Mathematics, RUMMBA (Research Unit in Mathematics,
Mechanics, Biology, and Applications), University of Arizona, Tucson AZ85721
goriely@math.arizona.edu

Summary. Growth is involved in many fundamental biological processes such as
morphogenesis, physiological regulation, or pathological disorders. It is, in general,
a process of enormous complexity involving genetic, biochemical, and physical com-
ponents at many different scales and with complex interactions. The purpose of this
paper is to provide a simple introduction to the modeling of elastic growth. We first
consider systems in one-dimensions (suitable to model filamentary structures)to in-
troduce the key concepts. Second, we review the general three-dimensional theory
and show how to apply it to the growth of cylindrical structures. Different possible
growth mechanisms are considered.

Key words: Biological growth, growing rods, morphoelasticity, Mooney-
Rivlin material.

1 Introduction

Biological growth is a fascinating process of tremendous complexity that has
attracted the attention of generations of biologists and remains today a fun-
damental scientific problem. Surprisingly, this problem has met with little
interest in the physics and mathematics community. However, with the devel-
opment of quantitative biomechanics (in the footsteps of scientists like Skalak
and Fung), the mathematical development of exact elasticity, the physical
modeling of growth, and computational advances, a theory of growth has
emerged and the mathematical analysis of its consequences is finally possible.
The purpose of this article is to provide an introduction to the problem of
growth, its mathematical issues and the scientific challenges ahead of us.
The emphasis will be on the particular role played by mechanical quantities
(such as stresses and strains) and their interaction with changes in geometry
arising during growth. Based on these observations and simple mechanical
systems in one dimension we will discuss different approaches to modeling
macroscopic growth in continuum mechanics and show how to generalize the
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classical theory of exact elasticity. The mathematical analysis of such a theory
of growth enables us to understand the particular interaction between geome-
try and mechanics and helps us to identify particular mechanisms that can be
used either in building specific material properties, in homeostatic regulation,
or in embryonic development through instability-driven pattern formation.

2 One-dimensional Theory: Elasticity, Visco-elasticity,
and Plasticity

We start with a simple conceptual framework by considering growth phenom-
ena in one dimension. That is, we consider the growth of a (mostly) filamen-
tary structure. This type of growth is found in many microbial systems such
as filamentous bacteria and fungi but also in plants where stems, roots, and
tendrils all display some aspects of one-dimensional growth. In size, these sys-
tems span at least 6 orders of magnitude from microns to meters. Biologists
would be quick (and correct) to point out that growth in these systems is
much more complex and involves structural details at the wall level which
are necessary to describe any features related to growth. Here we choose to
look at these systems as a mechanical continuum for which some features and
time-evolution are dominated by its slenderness and hence can be modeled as
elastic filaments.

Before reviewing the published plant growth models it is useful to recall
the basic facts about Kelvin solids, Maxwell fluids, and Bingham fluids.

2.1 Kelvin Solids

A purely elastic material is one in which the response to applied stresses is
instantaneous and reversible. A Kelvin solid is an elastic solid but one in which
the response to the stress occurs over a finite time determined by the viscous
characteristic of the “solid”. In the simplest one dimensional case, one can
write e

oc=FEe+n 5 (1)

where o denotes the (applied) stress, and e denotes strain. E is an elastic
modulus and 7 a coefficient of viscosity. If 7 = 0 the equation reduces to the
classical constitutive relation for an elastic solid. If n # 0, the basic idea can
be illustrated by the case of a constant applied stress oy.

O'OZEE-FU%. (2)

The equation is easily solved for € to give

g0

(t) = % (1 - e_t/T’“) : (3)
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where
Tr = n/Ev (4)

is the “visco-elastic” relaxation time. Another standard exercise is to impose
a periodic stress o(t) = ¢ cos(wt) which gives, in the limit ¢ — oo

JoE

E(t) = 7E‘2 T 772E2

cos(wt — a), (5)

which shows a phase lag a between the strain and the applied stress, where
a = arctan(7, /74), (6)

represents the competition between the response time of the solid 7. = n/E
and the time scale of the applied stress 7, = 1/w. One should also note that
if the stress is suddenly turned off, the strain relaxes as

e~e (7)

2.2 Maxwell Fluids

A Maxwell fluid is a viscous fluid with some elastic properties. The simplest
model is one in which the rate of strain obeys the equation

me 1 1 o

R —_ -, 8

mt nU * E nt (8)
Three simple comments:

1. If the second term on the r.h.s is dropped one is left with the simplest
fluid model

me 1
— = —0, (9)
Tt n
in which rate of strain is proportional to the stress and the fluid exhibits
irreversible flow.

2. If the first term on the r.h.s. is dropped one is left with

me 1 7o
—=_ 10
nt  Emt (10)
which represents the elastic component of the material: after integrating
both sides w.r.t. time one simply has the pure elastic response € = o/FE.
3. If the strain is turned off, the stress relaxes as

o~ et (11)

where 7, is as above - which should be contrasted with the equivalent
strain relaxation of a Kelvin solid when the stress is turned off.
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Basic features of the Maxwell model can be illustrated with an applied stress
of the form

¢ = 0 (1 - e_t/T) . (12)

If T is small the stress ramps up rapidly; if T is large, the stress ramps up
slowly. The rate of strain equation can be integrated explicitly to give

e(t) = % (t+7 (e -1)) + = (1-e7). (13)

(i) For the case 0 < ¢t < T, with T small, i.e. for short times in the case of a
rapidly ramped stress, one finds that

€

o0

~ —t 14
] (14)

which shows that the strain follows the applied stress according the elastic

part of the system, é ~ 6/E.

(ii) For ¢ > T, one finds that

€~ —t, (15)

which shows that the strain is dominated by the fluid component of the system,
En~o/n.

2.3 Bingham Fluids

In a simple fluid there is (irreversible) flow in response to applied stress,
however small. For non-Newtonian fluids such as paint, flow does not begin
until a critical yield stress, c*, has been exceeded. This is the Bingham model
which, in its simplest form, is expressed as

me 1

— =—[oc—0"], 16

=l —o] (16)
where [0 — 0*] = max(0, (0 — ¢*)). This model of irreversible extension (flow)
once a critical stress has been exceeded, has been the paradigm for most plant
growth models. The Bingham model can easily be generalized to a Maxwell-
Bingham type system represented by

me 1 N 1 mo

ﬂt_v[g U“—Eﬂ't' (17)
In terms of terminology, the convention is (or should be!) to call a Maxwell
fluid wisco-elastic, reflecting the combination of irreversible flow generated
by viscous stresses with an elastic component; and to term a Bingham fluid
plastic - a much misused term which is (or should) be used to mean an irre-
versible deformation beyond a critical yield stress. A comparison of the strains
produced by the different models is given in Fig.1).
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Kelvin solid Maxwell fluid
1.0+ —_——
(6]
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Fig. 1. Comparison of strains produced by a ramping of the stress for four different
materials, v =1/4,0" =1/2,E =00 =n=1,T = 1/4.

3 One-dimensional Theory: Growth Models

3.1 Lockhart-Ortega-Cosgrove Model

Lockhart’s model is one of the earliest quantitative models of plant cell growth
[45]. Geometrically the plant cell is considered to be an axisymmetric cylinder
of constant radius, but growing length. This growth in length is related to the
increase in volume due to water entering the cell, and the irreversible length
increase is, in turn, taken to be the result of the turgor pressure exerted on
the cell wall (in fact, in this model, this is the pressure exerted on the end of
cylinder which is treated as a flat cap). Lockhart’s discussion begins with a
seemingly simple statement about the elastic strain in the system which he
defines as

=1

o (18)

)

and is governed by a simple Hooke’s law, namely
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1
€= 50 (19)

Assuming a constant applied stress o, time differentiation of the strain gives

A
= — — —— = 2
S i A A (20)
and hence ) )
A
e 21
i (21)

In terms of our own language, what does this mean? If we regard [ as the
current length and [y as the reference length, then if both are growing in time,
a constant rate of strain can be maintained if the reference length extends
elastically, at each instant, the same amount as the current length. Lockhart
points out that the time scale of elastic equilibrium for plant cells (minutes)
is much more rapid than the time scale of the irreversible extension (hours);
hence the system is claimed to always be in a state of elastic equilibrium as it
grows. Lockhart’s argument proceeds in two parts. The increase in (current)
length due to volume increase (due to osmosis) is expressed as

d KA
—=—(AII-P 22
e =tan-p) (22)
where K is a water permeability constant, A = 2nrl is the cylinder side wall
area, a = mr2 the cross-sectional area, AIl an osmotic pressure variable, and
P the turgor pressure. This is re-expressed as

1dl 2K

-— = —(AIl - P). 23

ldt r ( ) (23)
The left hand side [ /1 could be thought of as a “current configuration rate of
strain”. He then goes on to define the “irreversible wall extension” as

1 dly
T = do, (24)
where @ characterizes the cell wall’s “rate of irreversible flow” (Lockhart’s
terminology). A few comments: (i) the left hand side lo/ly could be thought
of as a “reference configuration rate of strain” - from the point of view of a
growth process it may indeed be appropriate to measure the growth in terms
of the change in reference configuration length; (ii) the equation of motion
represents a simple fluid flow (i.e. rate of strain o stress); (iii) as Lockhart
points out (24) could be modified to correspond to a Bingham type flow,
namely

1dly .
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The stress o is expressed, in the standard way, in terms of the (turgor) pressure
on the end cap and the wall thickness, 8, i.e. 0 = mr2P/27rs. The equation
of motion (24) is then used to express P in terms of the extension, namely

26 1dl 26 1dl
_ B ld, 201dl (26)
r®@ly dt  r@ldt
where (21) is used to obtain the last equality. This expression for P is then
combined with (23) to give

1dl  2rKAIlD

ldt 46K +r2@’ (27)

which is essentially Lockhart’s main result (introducing a Bingham type flow
only modifies the equation slightly) which, in the end, relates the current rate
of strain to a stress representing the interplay of osmotic and turgor pressures.
The various way in which strain, and rates of strain, are defined - and then
connected through the assumption of constant elastic strain - is not especially
satisfactory. We also note (see below) that the equation does not depend on
the elastic modulus of the system.

The assumed state of constant elastic equilibrium is a consequence of the
assumed constancy of the stresses. This means that the constitutive relation
(24) is simply that of a (simple) fluid. Ortega proposed that the effect of
elasticity can be explicitly restored by replacing (24)or (25) by a Maxwell
type relationship [58], namely

de 1 do
where de/dt is the elongation strain rate which Ortega defines as de/dt =
(1/0)dl/dt. Ortega’s analysis of his model yields some interesting extensions
of Lockhart’s model - which we shall not pursue here. A somewhat similar
discussion/extension of Lockhart’s model was also given by Cosgrove [11].

3.2 Goodwin Model

Goodwin [22] begins by summarizing the Lockhart-Cosgrove-Ortega model in

the form w L dP
va Yt g

where he describes Y as the yield threshold, ¢ as the extensibility coefficient
of the wall, and E as the volumetric elastic modulus £ = VdP/dV. Noting
that the volumetric growth rate (1/V)dV/dt is analogous to a rate of strain
and P corresponds to a mechanical stress, he recasts the equation in the form

(29)

de 1 d
EX = Zo-Y]+ =

E - - %a (30)
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where € is the strain and in the form of a Maxwell-Bingham constitutive
relationship. He notes that when o > Y, the strain € is a combination of an
elastic strain (proportional to the stress variations) and a growth strain I,
where the rate of growth is expressed as

ar 1

— =—[o-Y 31

=[] (31)

We see that (30) can be written as

de dI' 1do

P 2

@ d  Ed (32)
and as we will see this is the bridge to the three-dimensional growth model
by Rodriguez et al. described in section 4.1. Goodwin defines the growth rate

in terms of the reference length, namely

ar 1di
G dt (33)
and hence the growth rate equation
1dly 1
— 20 e - 4
b e (34)

where s = Y/F and the stress o is expressed in terms of the elastic strain, i.e.
o = eF, This latter assumption may not be a good physical model. The growth
rate equation (34) is now a strain based model, i.e. irreversible extension if
the elastic strain exceeds a critical strain threshold. Goodwin then argues that
there could also be a contribution to the growth as a result of a change in the
elastic modulus. Thus assuming the Hooke’s law ¢ = Fe and differentiating
both sides w.r.t. time under the assumption of constant stress gives

de € dE

— = 35

dt E dt (35)
If the elastic strain e is taken to be e = (I —ly)/lp and that the variations in e
is due to changes in Iy (a proposition that might require a little more thought)

then the above relationship can be cast in the form
1 dly e 1dE

2 - - — 36
lodt 14€eFE dt (36)
If this is added to (34) one has the Goodwin growth rate model
1dly 1 e 1dE
wa T T R 37)

Two comments: (i) the recognition of a total rate of strain being decomposed in
to a growth rate part analogous to a simple Bingham fluid flow, and an elastic
(rate of strain) part is fundamental to the model and is, in fact, equivalent to
the simplest form of Prandtl-Reuss equations for elasto-plastic deformation ;
(ii) the separate consideration of the elastic stress variation (35) and then its
addition to the growth rate component, could be interpreted as a statement
of the widely different time scales of the growth and elastic processes.
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3.3 Stein Model

The discussion of (biological) rod growth by A.A. Stein [71] is the most self-
consistent of the models to date and, as is quickly apparent, a linearized
version of the more general approach of Rodriguez et. al. (see section 4.1).
His starting point is

E=€;+ €, (38)

which could be interpreted as the total rate of strain, ¢ equals the growth rate
€, plus the elastic rate of strain €,. ' He proposes that the growth rate takes
the general form

€g=A+ Mo, (39)

and the elastic strain, €., satisfies a Hookean relationship
€. = Ko. (40)

In the above three equations all variables are now taken to be tensorial. Given
the above, the rest is straight forward. In component form (38) is thus

€kt = Akt + Myimno™" + % (Mitmno™™) . (41)
He makes an intriguing aside that since the elastic deformations are so small,
the type of time derivative is unimportant, so d/dt can be taken as differenti-
ation w.r.t. time for fixed comoving coordinates, and that use of the Oldroyd
derivative instead of this would only add negligibly small corrections. The
stresses are assumed to satisfy the standard equilibrium equations

7.(.O.Icl

k
p + F* =0. (42)
Stein first considers the case of a growing rectangular cylinder under pressure
yielding simple equations for the growth of the cylinder length (no great sur-
prises found here). It would appear that be defines his (total) rate of strain as
l /1 where [ is the current length. He then goes on to tackle the more difficult
case of a growing bending rod.

3.4 Growing Cosserat Rods

A rod [2,10,47] is represented by its centerline r(s) where s is a material
parameter taken to be the arc length in a stress free configuration (0 < s < L)
and two orthonormal vector fields dq(s), da(s) representing the orientation
of a material cross section at s.

! Care must be taken when defining “elastic rate of strain” - a point we will discuss
later. (We comment that Stein refers to the various ¢ as “velocity tensors of the
[associated)...strains”. As a pedantic point - which we will pursue later - we note
that velocity gradients and rates of strain are only equivalent in infinitesimal
elasticity theory.)
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1 5

Fig. 2. The director basis represents the evolution of a local basis along the rod.

A local orthonormal basis is obtained (see Fig. 2) by defining ds(s) =
d;(s) x d2(s) and a complete kinetic description is given by:

I‘/ = V7 (43)
d=uxd;, i=1,23, (44)

where ()’ and () denote the derivative with respect to s and ¢, and u, v
are the strain vectors and w is the spin vector. The components of a vector
a = a;dy + a2dz + asgds in the local basis are denoted by a = (a1, as,as)
(following [2], we use the sans-serif fonts to denote the components of a vector
in the local basis). The two first components represent transverse shearing
while v3 > 0 is associated with stretching and compression. The two first
components of the curvature vector u, are associated with bending while us
represents twisting.

The stress acting at r(s) is given by a resultant force N(s) and resultant
moment m(s). The balance of linear and angular momenta yields [2]

n' +f = pAr, (46)
m’+r’><n+l:p(12d1><ci'1+f1d2><d.2), (47)
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where f(s) and 1(s) are the body force and couple per unit length applied on
the cross section at s (these body forces and couple can be used to model
different effects such as short and long range interactions between different
part of the rod or can be the result of self-contact or contact with another
body), A is the cross-section area, p the mass density, and I; 5 are the principal
moments of inertia of the cross section (corresponding to the directions dj 2).

To close the system, we assume that the resultant stresses are related to
the strains. There are two important cases to distinguish.

Extensible and Shearable Rods

First, we consider the case where the rod is extensible and shearable and we
assume that there exists a strain-energy density function W = W (y, z, s) such
that the constitutive relations for the resultant moment and force in the local
basis are given by

m=flu—a,v—v,s)=0,W(u—a,v—v,s), (48)
n=gu—a,v—v,s)=90,W(u—a,v—1v,s), (49)
where v, 0 are the strains in the unstressed reference configuration (m = n =0
when u = 0, v = v). Typically, W is assumed to be continuously differentiable,
convex, and coercive. The rod is wuniform if its material properties do not

change along its length (i.e. W has no explicit dependence on s) and the
stress-free strains v, u are independent of s.

Inextensible and Unshearable Rods

In the second case, we assume that the rod is inextensible and unshearable,
that is we take v = d3 and the material parameter s becomes the arc length.
In that case, there is no constitutive relationship for the resultant force and
the strain-energy density function is a function only of (u — @), that is

m=90,W(u—u)=f(u—a) (50)
In the simplest (and most widely used) case the energy is
Wy :Klu%—l—Kg(ug—122)2+K3(u3—ﬁ3)2, (51)

where 2 and 43 represent the intrinsic curvature and torsion that represent
the shape of the filament when unloaded. Explicitly, the resultant moment is

m= FElu;d; + EIQ(UQ — ag)dg + ,uJ(ug — ﬂg)dg (52)

where F is the young modulus, p is the shear modulus, and J is a parameter
that depends on the cross-section shape (an explicit form for J and examples
can be found in [29]). For a circular cross-section, these parameters are:
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J wR*

11_12_2_ T (53)
where R is the radius of the cross-section. The products EI; and EI5 are usu-
ally called the principal bending stiffnesses of the rod, and uJ is the torsional
stiffness.

The orthonormal frame (di,d2,ds) is different from the Frenet-Serret
frame defined by the triple (normal,binormal,tangent)=(v, 3, 7). If we take
vi = vy =0, v3 = 1, then the vectors (d1,dz2) lie in the normal plane to the
axis and are related to the normal and binormal vectors by a rotation through
an angle ¢:

d; =vcosp+ Bsing (54)
do = —vsinp + Beosp (55)

This rotation implies that
u = (ksing,kcosp, T+ ¢') (56)

where k and 7 are the usual Frenet curvature and torsion.

Growing Rods

We are now in a position to model growth in elastic rods. There are actually
three different ways that this can be achieved. The first approach, which we
refer to as parameter variation consists in considering families of rod solutions
(typically static due to the slow time evolution of growth with respect to
viscous damping in the rod) parametrized by one of the material parameters.
For instance, in the growth of a tree, one may consider the length and width
as two parameters that evolve in time. At each time, we increase the value of
such parameters and recompute the static solution that match the boundary
conditions. The second approach is remodeling. The idea is now to consider
a separate evolution law for the material parameters that may depend on
time and history of the material. This is fundamentally different from the
previous approach since the material parameters may now be a local function
of the position and their values depend on the evolution in time. The third
approach is the evolution of the natural configuration. This is somewhat more
subtle and will open the discussion to the general discussion of growth in
three-dimensional nonlinear elasticity.

Growing Rods: Parameter Variation

In this quasi-static approach, each solution remains a solution of the classic
Kirchhoff equations and growth is studied by considering the evolution of such
solutions w.r.t. the parameters. The idea is to study the evolution of shape
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Fig. 3. Growth of a tendril. Once attached the tendril develops a perversion com-
posed of two helical structure with opposite handedness Drawing from [12]. In the
first stage (A), the tendrils are circumnutating until they find an attachment. In the
second stage (B), the tendrils are attached and perversion sets in.

and change in shape through a bifurcation process mediated by a control
parameter.

As a first example, consider the evolution of tendrils in plants [28,50]. A
tendril is a modified leaf that can be found at the extremities of some climb-
ing plants and are used by the plants to achieve vertical growth by attaching
itself to other supports. A tendril can be modeled as an elastic rod under
tension. Once a tendril has grasped a support, it starts developing curvature
by differential growth until it bifurcates to a shape made out of 2 (or more)
helical structures with opposite handedness called a perversion (this is due to
the fact that the original structure has no twist and neither ends are allowed
to rotate-See Fig.3). These helical springs provide the climbing plant with a
firm but elastic connection to its support [12]. The creation of these helical
structures from a straight filament can be understood in terms of parameter
variation. The tendril is modeled as an initially straight filament under ten-
sion. Its constant intrinsic curvature increases slowly in time and the filament
is considered to be in static equilibrium at all time. The problem reduces to
exploring the possibility of a bifurcation from a straight solution to a solution
connecting asymptotically two helical structure of opposite handedness (See
Fig. 4).
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Fig. 4. Model of perversion. A straight rod under tension undergoes a bifurcation
when its intrinsic curvature is increased (from top to bottom). Reproduced from [50].

As a second example, consider the growth of twining vines. Twining plants
achieve vertical growth by revolving around supports of different sizes on
which they exert a pressure. During growth, the growing tip waves around
in a circular motion known as circumnutation until it finds an appropriate
upright support and then start wrapping around it to extend upward. The
tip of the vine keeps nutating and the vine pursue its climbing process by
forming a spiral around the support. The growth process of twining plants
raises many interesting mechanical questions already noted by 19th century
botanists and further studied by Silk, Holbrook and co-workers [48,64,68-70].
Viewed as a growth problem, we can study the possible equilibria of a rod with
intrinsic curvature and torsion in contact with a cylinder and with increas-
ing length. Therefore the problem reduces to finding suitable solution with
increasing length, taken as our control parameter. There exist many different
regimes that can be studied from a bifurcation standpoint, in particular, one
can determine the maximal pole radius around which a vine can grow, an in-
teresting question raised by Charles Darwin (1888) (see [25] for details). Here
we restrict our attention to the problem of finding a solution that corresponds
to the correct mechanical behavior of the plant during growth. That is, the
vine connect a helical solution to a hook like structure (termed the anchor).
Such solutions were found and an example is given in Fig.5.

Another example of growth through parameter variation can be found
in [76] where the growth of twisted circular ring with application to the growth
of B. subtilis was considered (See below).

Growing Rods: Remodeling

In the previous examples, growth was passive. That is, it is modeled by the
evolution of an outside control parameter without any feedback from the form
to the material parameters. In many growth process, the evolution of the struc-
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Fig. 5. A sequence of three-dimensional solutions to the attachment problem. Note
the continuous, almost helical, solution, followed by the anchor that provides tension
in the filament. Figure reproduced from [25].

ture directly influences the evolution of the material parameter. For instance,
a branch of a tree can be trained to grow in a certain shape (which makes for
beautiful alleys in French garden). At first, the elastic structure is loaded and
stressed into a particular shape. As time passes, the structure remodels itself
in such a way as to relieve the stresses and the structure permanently sets in,
even in the absence of loading.

As a simple example, consider the case of an unshearable, inextensible
planar rod under end compression [21]. As the rod buckles it takes a new
shape. At this point it is assumed that the natural state of the rod will evolve
towards this equilibrium shape. That is, its intrinsic curvature & = o evolves
in time towards its actual curvature. A simple model for viscoelastic relaxation
of curvature is

ok

TE:K—FE (57)

where T is a typical time corresponding to the viscoelastic response of the ma-
terial. The important point to notice here is that, after buckling, the curvature
changes at all points and when the intrinsic curvature relaxes it takes different
values at all point. The process depends on the loading and the parameters
but also on the history of the loading process which makes it fundamentally
different from the previous modeling (through parameter variation). To em-
phasize this point, consider Fig. 6 where an initially straight rod was loaded
with a given ramp and allowed to relax following the rule given.
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Fig. 6. Filaments trained with time-dependent forces. For each of the force-time
profiles shown in (a) is the corresponding sequence of filament shapes (a) shown
at intervals of At = 0.01. Dashed line indicates end of linear ramp [21]. As can be
clearly seen in picture (i), the filament has remodeled into its shape and retains it
after the load is removed. With longer unloading times ((i¢) to (v)), the filament
when unloaded, partially relaxes to its original shape.

Growing Rods: Evolution of the Natural Configuration

The two previous modeling approaches work for systems where the law for the
growth evolution of the material can be described by changes in the material
parameters. However, it is not suitable to describe other aspects of growth.
For instance, consider a naturally straight untwisted rod in its unstressed
configuration and allow it to increase in length. If the increase in length is
uniform (independent of the material parameter), then it can be described by
changing the length (a material parameter) as before. However, if growth is not
uniform but depends on the position, stresses, or strains, the growth evolution
cannot be simply described by a change in the material parameters. The
essence of the problem comes from the fact that the reference configuration
of the rod changes due to growth. For the purpose of this discussion consider
an unshearable but extensible rod assume that growth only acts by changing
the local element of length. The strain variable associated with a local change
in length is v3 = A. If the rod is not growing, a typical constitutive law for
A=A is

ng =e(Xe — 1) (58)
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with an extension modulus € relating the tension in the rod to its elastic
extension (Ae > 1) or compression (0 < A < 1). Now, the extension may
also be created through growth. In the absence of tension, we introduce Ag
to describe the local extensional growth (Agz > 1 for growth). In general when
both growth and elasticity are combined, we split the extensional strain into

A= A (59)

Since we have introduced a new strain variable A, a constitutive relationship
for its evolution must be prescribed. This depends on the system being consid-
ered (see Section 4.1 for a discussion). Typically, an equation for the evolution
of the growth rate as a function of the stress and material parameter will be
specified _

Ag = A F(n,s). (60)
As an example of a local growth law, we consider the evolution of length and
twist in a model for the growth of Bacillus subtilis.

3.5 Application to the Growth of Bacillus subtilis

The individual cells of the bacterial strain Bacillus subtilis are rod-shaped
and typically of length 3 — 4um and diameter 0.8um. Under certain circum-
stances they are found to grow into filaments consisting of the cells linked
in tandem due to the failure of daughter cells, produced by growth and sep-
tation, to separate. As they elongate these filaments, which are immersed in
a liquid environment (whose temperature and viscosity can be controlled),
are observed to twist at uniform rate. The degree of twist and handedness
can, in fact, be controlled experimentally and a wide range of states from
left-handed to right-handed forms, can be produced. The actual twist state of
the cells seems to be related to properties of the polymers which are inserted
into the the cell wall during growth. As they elongate the filaments are ob-
served to writhe and eventually deform into double-helical structures. These
continue to grow and periodic repetition of this process results in macroscopic
fibers (termed “macro-fibers”) with a specific twist state and handedness. (A
schematic representation of this dynamics is given in Fig. 7).

A striking feature of this iterated process is that at every stage of the
self-assembly, the handedness of the helical structures that are created is the
same (e.g. a right-handed double helix gives rise to a right-handed four-strand
helix and so on). The nature of the environment does, however, influence cer-
tain aspects of the self-assembly. In a viscous environment the basic writhing
instability leads to something of a “buckling” at the middle of the filament
with the formation of a tight central loop; this is followed by a helical wind-up
which starts at the base of this loop (Fig. 7B). By contrast, in a non-viscous
medium, the instability causes the filament to fold over into a large loop closed
by contact between the ends of the filament. This closure is then followed by
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Fig. 7. The two basic looping of Bacillus subtilis: A. In non-viscous medium, B. In
viscous medium (Picture courtesy of Neil Mendelson).

a helical wind-up starting at that point. In both cases this self-assembly con-
serves handedness and usually continues over long periods until macro-fibers,
several millimeters long, are formed.

The dynamics of the self-assembly and the mechanical properties of the
bacterial threads have been studied in great detail by Mendelson and co-
workers over many years [51-53]. In addition to the fascinating questions of
growth and form raised by this process, the macrofibers themselves offer the
prospect of unusual bio-materials that can be mineralized and packed in ways
that are are of practical biomedical and biotechnical use.

Mathematical modeling of Bacillus subtilis presents many challenges. With
a little thought the handedness preserving nature of the basic instability can
be explained in qualitative terms in which an “under-twisted” filament un-
dergoes a writhing instability. Fundamental to this picture is the idea of an
“intrinsic twist” associated with each cell and which drives the dynamics. This
picture is, in a sense, quite universal and can also be seen in other filamentary
structures ranging from the microscopic (e.g. DNA) to the macroscopic (e.g.
telephone cables). The case of Bacillus subtilis is complicated by the fact that
the cell filament is growing exponentially and that the ends of the filament
are normally unconstrained. This freedom of the ends is a nontrivial feature
of the basic instability that initiates the self-assembly. Once the filament has
folded over (in either a big loop for non-viscous media or a tight central loop
for viscous ones) the resulting self-contact effectively blocks free rotation of
the filament. This changing of boundary conditions (one end is now effec-
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tively fixed) provides the mechanism for the subsequent helical wind up of
the strands.

In Bacillus subtilis (and DNA) where the twisting and supercoiling are of
the same handedness. The key to this transition is the idea of an intrinsic
twist; namely a natural state of the filament with a non-zero twist density
(twist per unit length) as described in the Kirchhoff model by Eq.(52) with a
non-vanishing parameter Qs.

To understand the process, consider a rubber tube with right-handed in-
trinsic twist represented by drawing marker lines with a right-handed helical
pitch. One end is twisted in the opposite direction to the marker lines until
they are approximately straight. The twist density of the filament now ap-
pears to be zero whereas its natural state is one of non-zero twist density -
as indicated by the original helical marker lines. Thus we now have a “twist
deficit”. To return to its natural state the tube must make up for this deficit
by restoring twist. This can be achieved in two different ways. If one end is
freed the tube winds sending a twist wave down the rod. Alternatively, if the
ends are held but brought towards each other, the tube will relax by super-
coiling with the same handedness as the intrinsic twist. This is the behavior
observed in Bacillus subtilis and DNA. In the latter case the “intrinsic” twist
corresponds to the right-handed helical architecture and in the former it is
believed to be related to either the cell wall architecture or anisotropy.

In order to model Bacillus subtilis each bacterial cell is assumed to possess
an “intrinsic” twist and to make up part of an elastic filament. Reproductive
growth of all the cells in the bacterial filament results in an exponential growth
of its length accompanied by a reduction of twist density.
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Fig. 8. Exponential growth and linear torsional wave competition, as the filament
growth exponentially, the linear twist wave propagating from the end do not reach
the middle of the filament where the twist deficit is maximal.
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Using Kirchhoff’s model as a starting point, we can study the dynamical
properties of filaments and generalize it, as explained in the previous sec-
tion, to include the effect of growth. Mathematical results on the stability of
thin elastic rods [27] have enabled us to develop a complete picture of the
mechanism of self-assembly in Bacillus subtilis [26] as well as computer sim-
ulation [41,42]. Among other things the model gives quantitative predictions
about the self-assembly geometry, such as the way the loop size scales with
environmental conditions. The computer simulation of growing rod with in-
trinsic twist predicts the formation of looping in filaments remarkably similar
to the ones found in the experiments (See Fig. 9)
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Fig. 9. Writhing Dynamics of B. subtillis. Left: experiments (Courtesy of Neil
Mendelson), Right: Simulation of Kirchhoff rods with growth [41,42].

A great deal of experimentation has shown that the twist state and helix
hand of B. Subtillis macrofibers stem from the individual cell from which the
fiber is derived. The information required to control macrofiber morphogen-
esis appears to reside in the growth plan of this cell and all its descendants.
Intrinsic twist, a key feature of the dynamic model described here, is a logical
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candidate for the mechanical information in the growth plan that dictates all
subsequent growth and form.

Although our discussion here has focussed on the behavior of B. subtillis,
filamentary structures are common in biological materials encompassing scales
from molecular to organismal and we believe that the types of arguments
forwarded here; namely the importance of axial growth, the decomposition of
strain variables, buckling instability, twist-to-writhe conversion as a dynamical
process and the special role played by intrinsic twist (or, presumably in other
contexts, intrinsic curvature), may have quite general applicability.

4 Three-dimensional Growth

We now turn our attention to a general formulation of growth for three-
dimensional nonlinear elastic body.

4.1 Basic Definitions of Morphoelasticity

Consider a continuous body with reference configuration By. Let X denote
the position vectors in By. Now suppose the body is deformed to a new con-
figuration, B;. We refer to B; as the current configuration where the body is
defined by x = x(X,t). The deformation gradient, F(X,t)=Grad X, relates
a material segment in the reference configuration to the same segment in
the current configuration. The key ideaZintroduced by Rodriguez, Hoger, and
McCulloch [60] is to decompose the total deformation into a growth tensor
G(X,t) and an elastic tensor A(X;t)

F(X,t) = A(X,t) - G(X,1). (61)

That is, the growth deformation may not result in a continuous change from
point to point and may not be compatible. However, if we require continuity
as the body grows, then an elastic deformation is introduced to maintain
compatibility. As shown in Fig. 10, the growth tensor G(X,t) maps By to the
virtual configuration V7 which is locally stress-free. The elastic deformation
then maps V; to a grown stressed state By in order to maintain continuity of
the body. The overall deformation gradient is the composition. Because of the
need to ensure compatibility, the elastic deformation is introduced which in
turn causes residual stress in the body.

2 We also note that this decomposition was earlier introduced by Lee [44] who
proposed representing elasto-plastic deformations in the form F = F.F,,, where
F. denotes the contribution to the total deformation as a result of elastic defor-
mation, and F;, denotes the contribution to the total deformation due to plastic
deformation. This has become a classical tool of elasto-plasticity. Note however,
that there are still fundamental problems associated with such multiplicative de-
composition (see for instance [55] or [77]).
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Fig. 10. The decomposition of finite growth. The deformation gradient F maps
the reference configuration Bo(X,t) into the current configuration Bi. F can be
represented as the product of a growth tensor G and an elastic deformation tensor
A. The intermediate configuration V; is a virtual state because G may not maintain
continuity.

4.2 Strain Rate

We first recap some of the standard formalism and terminology. The tensor
F is the deformation gradient, and

E = %(FTF 1), (62)

is the Green (Lagrangian) strain tensor, and
D=A-1, (63)

is the displacement gradient. Thus
1
E=_(D+ D’ + D'D). (64)

The linearization of this, E = (D + D7) is, of course, the familiar strain

tensor of linear elasticity theory. If () denotes differentiation w.r.t. time for
fixed reference coordinate values, X, then one may show that the rate of
deformation

F =TIF, (65)

where
I’ = gradv(z,t), (66)

is the Eulerian velocity gradient tensor, and hence
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E =F7XF, (67)
where
1 T
Y=o+, (68)

is the Eulerian strain rate tensor [56]. Because X = FTEF~! it is not a
direct time derivative of E, and thus cannot be called a (true) rate of strain
tensor. However to first order

E=ATYF~(I+D)'X(I+D)~ ¥ +hot, (69)

and thus, for the linear theory, we can call X, a rate of strain tensor.

Equation(61) is the starting point for our own discussions of the combina-~
tion of elasticity and growth in a three-dimensional setting. By analogy with
elasto-plasticity, we will refer to this approach as the theory of morphoelas-
ticity. It is worth recalling how it was originally introduced [60]. For a system
with density, p, the rate of growth of mass per unit volume, V| is

. _d(pV)
=——", 70
== (70)
while by basic conservation
L div(pvy), (71)
it

where vy is the growth velocity vector. It should be noted that v, is defined in
the Eulerian frame. For constant density these two equations combine to give

dav .

e divv = TrDg, (72)
where Dy is the rate of growth tensor - which is analogous to the rate of
deformation tensor in classical continuum mechanics. Since Dy, is Eulerian it
has the advantage of not requiring a reference configuration but, it can be

related to a Lagrangian rate of growth stretch tensor, Ug, through
1/ .
D, - 5 (U, U, +0;0,). (73)
Since th is Lagrangian, the actual growth stretch tensor Uy is simply given
by
t .
U, = / U,dt. (74)
The growth stretch tensor U, is related to the growth deformation gradient
tensor G by the right polar decomposition
G=R,U,. (75)

A general argument is that, without loss of generality, one can set Ry = I
and work with G = U,. 3

3 It appears to us that the reason given by many authors about how the rota-
tion part of G can always be absorbed in the rotational part of F, and that G
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4.3 Cauchy Stress and Equations of Motion

The forces distributed on a body Bj include a contact-force density t,, and a
body-force density b. In accordance with Euler’s laws of motion, the balance
of linear momentum is written as

/B1 p(x, t)b(x, t)dv + /861 t,da = /B1 p(x,t)v(x,t)dv. (76)

Cauchy’s theorem states that if t,, is continuous in x, then t,, depends linearly
on the unit normal n. In other words, there exists a linear transformation T
independent of n such that

t, = Tn, (77)

where T is referred to as the Cauchy stress tensor. Using (77) and applying
the divergence theorem to (76) leads to

/B (p(x,t) + divT — p(x, t)v(x,t)) dv = 0. (78)

Equation (78) is valid for any body Bj. This leads to Cauchy’s first law of
motion,

div(T) + pb = pv. (79)

If the body is at rest, that is v(x,t)=0 for all x€ By, the equilibrium equation
becomes

div(T) + pb = 0. (80)

Furthermore, if body forces are absent, (80) reduces to

div(T) = 0. (81)

4.4 Strain-energy Functions

We assume that our material is hyperelastic. That is, there exists a strain-
energy function W = W(F) from which the stresses can be derived.

1, OW

T=J F(?F pl, (82)
where J = det(F) is equal to one in the incompressible case and p is a Lagrange
multiplier associated with the internal constraint of incompressibility (p = 0
in the compressible case). Many different general functional forms have been
proposed for the the response of elastic materials under loads [6,62,65]. Here,
we show some typical functions that have been proposed to model either
elastomers or soft tissues. For the sake of simplicity, we restrict our attention

needs to be diagonal to ensure objectivity is not satisfactory and requires further
discussions—see [77].
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to homogeneous isotropic materials. The energy can be written in terms of the
principal stretches A1, A2, A3 (the square roots of the principal values of FTF)
or, equivalently for incompressible solids, in terms of the first two principal
invariants of the Cauchy-Green strain tensors,

I=M 02+ 02 L=MA2 + 0202 + 2. (83)

An essential property of many biological material is the strain-stiffening prop-
erty which can be modeled either by algebraic power dependence (one-term
Ogden model), by exponential behavior (as in the popular Fung model), or by
limited chain extensibility (Gent model [19, 35, 38]). These three models can
be written with a single parameter (v, «, [, respectively) such that the clas-
sical neo-Hookean model is obtained in the limits v — 2, & — 0, or 8 — 0.
Additionally, we also use the classical Mooney-Rivlin strain-energy density,
often used to model elastomers.

Name Definition soft tissues elastomers
neo-Hookean Wy, = %(I 1—3)

Mooney-Rivlin Wi, = (h = g)( 1—:_”'[%2 —3)

1-term Ogden Woye = 200 + )\i;— A5 —3) v>9 v 3
Fung quzw 3<a<20

Gent W, — —1oell _ﬁﬁ(h =3 gu<p<s B<0.05

Table 1. A list of strain-energy functions. Note that the materials share the same
infinitesimal shear modulus, which without loss of generality was taken equal to
one. The limits p — 0, « — 0, 8 — 0, v — 2 all lead to the neo-Hookean potential.
References: 1-term Ogden [5,66], Fung [13,34] Gent [19,20, 36, 37].

4.5 Constitutive Theory for G

There is an interesting discussion as to whether G or G = ﬁg (the Lagrangian
rate of growth tensor) can/should be a function of the Cauchy stress, namely

G=f(T), or G=yg(T). (84)

Fung suggested that there might exist a growth equilibrium stress state T at
which the growth rate would be zero, i.e.

G =¢g(T - RTRT) (85)
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where the rotation tensor R comes from the polar decomposition and is re-
quired to ensure that both T" and T are measured in the same frame of refer-
ence as required by objectivity.

There have been early on attempts to use the morphoelasticity formal-
ism to model simple situations and understand the effect of growth and the
feedback due to stress. These include the following cases:

Constant Growth

The simplest choice for G is to consider a constant tensor. A constant diagonal
tensor G has been used in spherical geometry by Hoger and co-workers [9,43].
This case is interesting since analytical results can be obtained corresponding
to small increments and explicit values of residual stress computed for growth
without loading. In [4], the stability of such growing shells is considered.

Position Dependent Growth

Many growth processes depend on the location in the material. This effect
is sometimes referred to as differential growth to indicate that some parts
of a tissue grow faster than others. In morphoelasticity, it implies that G
is a function of either X or x. Both situations are of interest. In the first
case, growth is a function of material points X in the reference configuration
and this dependence assumes that the material is made out of points that
grow at different rates and keep growing differentially as time goes by. In the
second case, the ability of a tissue to grow depends on its location at any
given time. This is the case, for instance, when cell reproduction depends on
the availability of some nutrients that diffuse through the boundary. At any
given time, the amount of nutrient may be described by the distance to the
boundary as in the case in the growth of spheroids in tumor experiments [33].
The stability analysis of differentially growing shells was considered in [24].

Stress-dependence

It has been recognized experimentally and theoretically in many systems (such
as aorta, muscles and bones) that one of the main biomechanical regulator of
growth is stress [18,39,59,60,72-74]. It has even been suggested that stresses
on cell walls play the role of a pacemaker for the collective regulation of tissue
growth [67]. Accordingly, the growth rate tensor should be a function of the
Cauchy stress tensor which could also vary according to the position of tissue
elements in the reference configuration.

Most growth laws are of a phenomenological nature (See however the dis-
cussion in [18]) and currently there is no established theory of how they can
be derived from biophysical principles An intriguing contribution appeared
in [14] where it is assumed that growth can be associated with mechanical
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accretive forces. In this context, the energy stored in the growth process can
be transformed into mechanical elastic energy. By neglecting the possibility
of energy sources and under suitable assumptions, a dissipation principle for
the growth law can be derived, which in turn leads to a constitutive equation
for the growth rate

G L.G=M;—WI+ATW, (86)

where, as before, W is the free energy. We note that WI— AT W, has the form
of an Eshelby tensor as found in the theory of elasto-plasticity [15,49], and that
for small deformations, My plays the role of a constant (homeostatic) stress.
These constitutive relations (shown here in the simplest case) are typically
nonlinear and deserve further exploration.

4.6 Cumulative Growth

Now consider a sequence of growth steps in which each step can be decomposed
into a growth deformation and an elastic deformation (see Fig. 11).

-0

'Q@}?V g -

e o @\ /

Fig. 11. Cumulative growth with k steps.

The cumulative deformation gradient is given by
F =F, - F,1..Fso - Fy
=A;r Gr-Ak_1-Gr_1...A2 - G2 - Ay - Gy.

Assume the growth and elastic tensor commute, that is A; - G; = G; - A, for
all 7, j. Then the elastic and growth tensors can be written as

AW = Ay A 1Ay A, GW =G G 1..Gy -Gy (87)
The stress in By, is
Ve, - (Tg) =0, (88)
where
Tr=AW . 9,0 W —pil. (89)

An example of a cumulative process of growth is given in Section 4.9.



28 A. Goriely et al.
4.7 A Simple Example of Homogeneous Growth

As a first example, we revisit the model of Rodriguez, et al. [60] where growth
is a function of the stress tensor. Because the problem is homogeneous, resid-
ual stress is absent. A rectangular block of bone is subjected to compression
along its longitudinal axis. It grows along the x and y directions as a linear
function of the difference between the axial stress and a no-growth equilib-
rium stress state. The bone is assumed to have a Young’s modulus of 18.4
GPa along the z-axis. According to the authors “...at each step the axial
strain is adjusted so that the applied axial force remains constant.” Recalling
that stress = force/area, the calculation proceeds as follows. At each step the
cross sectional area S(t) = Ayz(t)Ayy(t) = Aaz(t) Az (t)/A:(t) is computed.
In order to ensure that the axial force, F' = T,,(t)S(t), where T, is a certain
function of A., remains constant, A, is reduced as necessary. This, in turn,
reduces T, at the next step until it reaches T, at which point the computa-
tion stops. In this model the stresses are only as a result of loading so there
is no residual stress.

More explicitly, the reference configuration is compressed along the longi-
tudinal axis which results in the elastic deformation gradient

A = diag ( (90)

o)

where ), is the stretch ratio corresponding to a 0.1% shortening (A, = 0.999).
The strain is calculated from the Green strain tensor

. %(ATA 1), (91)

and the longitudinal stress is found from

ow
=AT——A, 2
OE (92)

where the strain energy is given by
W =c(EL, +E), + E2,). (93)

The stress along the z-direction is then

t3 = 201, F,.F.,
= Cl)‘g(Ag - 1)7

where 2¢; is the value of the Young’s modulus along the z-direction. Following
the elastic deformation, the tissue grows or resorbs along the x and y axes
until equilibrium is restored. The equilibrium value for the longitudinal stress
is given by ¢3. The rate of growth in the  and y directions at time ¢ is given
by
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Ar(t) = ko (t3(1) — £3), (94)
Ay(t) = ky(t3(1) = t3), (95)

where k, and k, are growth rate constants with equal values of -0.27
time~!GPa~! and the no-growth equilibrium longitudinal stress ¢3 is -4.5
MPa. The growth stretch ratios with respect to the reference configuration

can be written as _
Az(t+dt) = Az (t) + Azdt, (96)

Ay (t 4 dt) = Ay (1) + A, dt, (97)

where dt corresponds to one iteration. The growth deformation gradient is
then

G(t + dt) = diag (k. (t3(t) — t3)dt + Gu(t), ky(t3(t) — t3)dt + Gyy(t),G.2) .

(98)
The axial stress is computed after each iteration and the tissue growth is then
calculated. The applied axial load remains constant through each iteration
and the axial stress is adjusted in order to maintain this force. Each growth
deformation is assumed to be compatible and therefore no residual stress
arises. Fig. 12 shows the axial stress and the growth stretch ratios (A, and
Ay) as functions of time. Following each iteration, the cross-sectional area
increases which causes a decrease in the elastic stress and a decrease in the
growth rate.

Axial stress during growth Growth stretch ratio of x and y dimensions

I

o

Stress (Mpa)
|
s
Growth ratio

0 250 500 750 1000 1250 1500 0 250 500 750 1000 1250 1500
time time

Fig. 12. A load leading to a 0.1% shortening on a block of bone is imposed. The
block grows as a linear function of the difference between the loading stress and
the no-growth equilibrium stress state. The left panel shows the axial stress as a

function of time as it approaches the no-growth equilibrium stress. The right panel
displays the growth ratios for the x and y directions.

The evolution of the axial stress can be written as a discrete mapping
given by
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t3(0
ta(t +dt) = 3(0) - (99)
(V2R + kaltslt) - 13))
The mapping can be converted to the following differential equation:
dts(t t3(0)ts(t

W (VB0 + ke /B0 - )

Fig. 13 shows the discrete mapping presented by Rodriguez et al., as well as
the numerical solution to Equation (100).

Stress (Mpa)

0 200 400 600 800 1000 1200 1400 1600
time

Fig. 13. Comparison between the continuous solution (solid curve) and the discrete
solution (open circle) obtained by incremental computation.

To supplement the previous results, consider stress-dependent growth in
the case of a cylindrical tube. The tube is initially subjected to compression
along its longitudinal axis resulting in a 0.1% shortening (A, = 0.999). An
elastic energy associated with a Neo-Hookean material is used. After axial
compression, the cylinder is allowed to grow in which the following stress
dependent growth deformation gradient is used:

G(t + dt) = diag (k(t5(t) — t5)dt + Grr(t), k(t3(t) — t5)dt + Goe(t), G.2) .
(101)
where k = —0.27 time~!GPa~! and t; = —4.5 MPa.
In the cylindrical case, the material response is not homogenous, and
therefore the longitudinal force is now a function of the radial component.
Therefore, consider the resultant load, N = f rts(r)dr, and the resultant
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longitudinal force F, = N - Area. In each iteration, the resultant axial stress
is evaluated and the material is allowed to grow. The applied resultant axial
force F, is constant at each step and the the resultant longitudinal stress is ad-
justed accordingly to maintain the constant force. Fig. 14 shows the resultant
axial stress as a function of time. The curve is approaching the equilibrium

resultant stress, N* = ff rtydr.

axial stress

-9

0 500 1000 1500 2000 2500 3000
time

Fig. 14. Resultant longitudinal stress for an axially loaded cylinder. An initial five
percent shortening was incurred. The cylinder was allowed to grow as the state of
stress goes toward the predetermined equilibrium state.

We comment that the convenient thing about doing the calculation in
discrete time steps is that one does not have to worry about separating elastic
and growth time scales: one simply makes whatever elastic adjustments are
necessary before implementing the next growth step.

4.8 Cylinder Growth: One Step Growth

We now consider a simple growth tensor to demonstrate how residual stress
can arise from growth. Consider a cylindrical tube whose reference config-
uration has length L and internal and external radii A and B respectively.
Therefore the tube is defined as

A<R<B, 0< 06 <2mn, 0<Z<L. (102)

Now let the cylinder undergo uniform circumferential growth or resorption
which then results in an elastic deformation. The resulting deformation is
given by
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r=r(R), 0 =ko, z2=XZ. (103)
The deformation gradient in cylindrical coordinates is
F = diag(r”, %, ) (104)

where r’ = j—g. Assume there is no change in length so that A, = 1. The defor-
mation tensor is decomposed as F = A -G. Assuming constant circumferential
growth, the growth deformation gradient is

G = diag(1, k, 1), (105)

where G maps the reference state By into the grown stress-free state V. In
order to maintain continuity of the body, an elastic deformation

1
A= diag(a, a, 1), (106)

maps the virtual stress-free state V to the final intact configuration B;. Note
the incompressibility condition det A = 1 is used to express the three principal
strain components in terms of a single variable «. Assuming the cylindrical
tube is composed of a Fung material, the strain energy function is
c
Wi = §(eQ - 1)7 (107)

where c is a constant and @ is a function of the three principal strain values,
that is @ = 2b;(A\? + A3 + \2). In the present case A1 = 1/a, A2 = a, and
A3 = 1. Therefore, Q) is given by

Q= 2@(% +a?—2). (108)

The incompressibility constraint is det(A) = 1, or equivalently det(FG~1!) =
1. This implies det(F) =detG, so that
r'r

= =k (109)

The previous equation can be integrated to obtain
r = (a®+ k(R? — A%))1/2, (110)

The incompressibility constraint along with the relation F = AG provides
an equation for the strain, @« = r/(kR). The only non-vanishing equilibrium
equation in (81) is

% n t1 — 12

aor r
The radial stress and hoop stress are denoted as t; = Ty; and to = Tho,
respectively. Using the stress-strain relationship in Equation (82), equations
for the radial and hoop stress can be written as

= 0. (111)
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1 oW
1= aa—h -p (112)
ow

Substitute these values into (111) to obtain a closed equation for #;:

81&1 o (0% S
S = 5 0aW (114)

where W = W(é,a, 1). In terms of R,

oty 0 W
R~ kaR’ (115)
03 . . . . 03 .
(a) k=09 [ (b)
02 — 0z | t, k=1.1
01t —
= P
% o ] fﬁ: [ t,
£ , E, L — D ——
—oaf —
‘2
0}
-02
-03

2 nomedradueomy ’ ’ wndetomed radus o)
Fig. 15. Plots of residual stress vs. undeformed radius for a cylindrical tube following
uniform circumferential resorption (a) and growth (b). The cylinder is unload which
results in zero radial stress at the boundaries in both cases. When k=0.9 (resorption)
the circumferential residual stress is in compression in the inner wall and in tension
in the outer wall. When k=1.1 (growth) the circumferential residual stress is tensile
in the inner layers and compressive in the outer layers.

Using the boundary conditions t1(A) = ¢1(B) = 0, integrate the last equa-
tion to obtain an equation for the radial stress

1 [BoWw
4(R) = E/A R, (116)

and now the hoop stress can be evaluated as to = t1 + %3QW. The hollow
cylindrical tube model demonstrates how circumferential growth produces a
transmural distribution of residual stress that would cause the cylinder to
change shape when cut. Consider a tube with initial internal and external
radii of 2.0 and 3.0 cm and k = 0.9 (resorption). Fig. 15(a) shows the radial
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stress ¢1 and the circumferential stress t5. The radial stress is zero at the
boundaries (r = A and r = B) because the cylinder is unloaded. The circum-
ferential stress is in compression in the inner layers and tension in the outer
layers. The grown internal and external radii were 1.75 and 2.75 cm.

Now consider the growth case where k = 1.1. The equilibrium internal and
external radii were 2.25 and 3.25 cm. Notice in Fig. 15(b) the graphs are
reversed from the resorption case. The circumferential stress is in tension in
the inner layers and compression in the outer layers. The longitudinal stress
t3 is nonzero in both the resorption and growth cases. The longitudinal stress
will cause the cylinder to extend or shorten. However, the resultant stress is
close to zero, and therefore the simplifying assumption of A, = 1 will not
affect the circumferential residual stress. In the three-dimensional problem,
we will later discuss how to circumvent the issue of a non-zero longitudinal
stress on the ends of the cylinder.

4.9 Cylinder Growth: Modeling Incremental Growth

Consider once again a cylindrical tube but now assume the incremental growth
tensor Gy, is a function of position. There is growth only along the z-axis, so
that G; =diag(1,1, g(r;)). Because the incremental growth tensor is depen-
dent on the current configuration, an implicit dependence on the stress tensor
exists which must be computed at each iteration [23]. The growth function g,
at the kth step along the z-axis is written as the product g(R) = Hf;ll Gine(Ti)
where r; is the current configuration following the i-th deformation. The cu-
mulative deformation gradient in cylindrical coordinates after ¢ steps is

F; = diag(r}, 75, \.,), (117)
R

where the cylinder is extended uniformly to length [; = A.,l;_1. Denote the
internal and external radii in the initial configuration by A and B, and let
a; = ri(A) and b; = r;(B) be the radii in the current configuration. The

principal stretches of the elastic tensor A are

T

Ev

/\ﬂ = gz(R)(Oél/\ i)_l, )\i2 = Q; = )\ig = (118)
where «; is defined as the azimuthal principal stretch. Assume the elas-
tic cylindrical tube is composed of a neo-Hookean material, that is Wy, =
w(A% + A%, + A% — 3). The incompressibility condition det(A;) = 1 implies
det(F;) =det(G;) so that

rir;
Zi R
Integrate the last equation to find

A = g(R). (119)
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1/2
) R
ri(R) = (a?+ /. pg(p)dp> : (120)

The constitutive relationships for ¢; and to are as follows:

ow

o= A 121

1 o P (121)
ow

ty =\ - 122

2 295, P (122)

The only nonvanishing equilibrium equation of V,, - (T1) = 0 is, as previously
shown in (111),
o bty
or r

Rearrange the previous equation and use (121) and (122) to obtain

= 0. (123)

8t1 o (67 IS
o T W (124)

) ). In terms of R,

o1 _ Rg(R)a;
T e O, W (125)

where (120) and (118) are used to express r; = r;(R) and «; = o;(R). We
would like the surface of the cylinder to be free of any traction,

tl(ai) = tl(bi) = 0, 0 S 0 S 2’7‘(’, 0 S Zi S )\ziliflv (126)

and
t3(0) = t3()\zili71) = 0, 0 S 0 S 2’/T, a; S T S bz (127)

However, t3 = t3(R) and does not explicitly depend on z;. Therefore (127)
requires t3 = 0, but t3 is a function of R and is not equal to zero. Instead,
at each iteration we may solve for A, so that a zero resultant load N is
imposed [17,30-32]

b;
Nz()\zb) = 27T/ Titg(Ti, )\Zi)dri = 0. (128)

i

Therefore, the end conditions in (127) are replaced by the condition above.
Using (120), (125), and (126), the longitudinal stretch A, , the deformed radius
a;, and the radial stress t; can be found at each iteration and the deformation
is completely determined. At each stage the growth function along the z-axis
can be computed for the next iterate,
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k
g(R) = Hginc(ri)~ (129)
=1

First consider a linear incremental growth function gin.(r;) = 1 + u(r; — a;)
where no longitudinal growth occurs at the inner wall and the growth lin-
early increases toward the outer wall. Choose initial values A = 1, B = 2,
and calculate p at each iteration such that the volume increases by 1%. Next
consider the growth function gin.(r;) = 1 + pu(b; — r;) where no longitudinal
growth occurs at the outer wall and the growth linearly increases toward the
inner wall. Fig. 16 shows the cumulative growth function in the current con-
figuration.

Fig. 16. The cumulative growth function viewed in the current frame g = g(r). The
volume increase in each step is 1%. The cumulative growth curve is plotted every
ten steps.

Now consider changing p and looking at how the longitudinal stress
changes after one step. Fig. 17 shows N(\,) = 2« f: rt3(r, A;)dr as p in-
creases from zero to 1.5. In order to obtain a zero resultant load, we need
to find A, ., such that N(\,) = 0. Once A is found, Fig. 17 shows the
longitudinal stress. When the inner layers of the cylinder grow faster than the
outer layers, the inner layers are in compression and the outer layers are in
tension as predicted. In contrast, when the outer layers of the cylinder grow
faster than the inner layers, the inner layers are tensile and the outer layers
are compressive.

Zerit

4.10 Cylinder Growth: Embedded in an Elastic Medium

We can also nest two materials with different strain functions (i.e. a neo-
Hookean material inside Fung material) or different growth factors. The
boundary between the two materials, which we call C' and ¢ in the refer-
ence and current configurations respectively, is constrained so that no gaps
form between materials.
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Cylinder with growth along the z-axis (g=1+(R-1)) Cylinder with growth along the z-axis (g(R)=1+1(R-A))

Cylinder with growth along the z-axis (g(R)=1+(2-R))

10 =

N=2flrodr

Fig. 17. Longitudinal stress along the cylinder radius (right). Note the compressive
and tensile stress in different regions depending on which part of the cylinder grows
faster.

As an example we look at two different materials. The inner material is
neo-Hookean, and subject to shrinking in the radial direction (y; = 0.5), while
the outer material is Fung and is growing radially (71 = 2). We set external
pressure to zero, and set the initial boundary between the materials to halfway
between the shell boundaries (C' = 1.5).

Fig. 8 and Fig. 9 show the results for this configuration. As can be seen
in the first figure, the deformation r(R) is continuous, but the position of the
boundary between layers is no longer halfway between the edges, rather it is
closer to the inner deformed radius a. The second figure shows the stresses in
the material due to growth, and there exist tensile and compressive stresses
on all axes.

4.11 Cylinder Growth: with Twist

We now comment on growth models involving twist. The decomposition F =
AG is not unique and some thought needs to go into making a reasonable
choice. Our model is that of a cylindrical rod that grows in length and exhibits
growth induced twist, but maintains a constant radius. This would correspond
to the (total) deformations



38 A. Goriely et al.

Fig. 18. The strain function a(R) and the deformation r(R) for two nested materials
(see text).

Fig. 19. The radial, circumferential and axial stresses for two nested materials (see
text).

r=R (130)
0=0+21=0+ N1 (131)
2= \Z. (132)

Note that the torsion in the current configuration depends on the current
height z. With these deformations, the (total) deformation gradient tensor is

10 0
A=|01rar]. (133)
00 A

For our growth tensor we choose
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10 0
G=|01lr7"], (134)
00 A

which corresponds to the growth-induced deformation

r=R (135)
0=0+ 27" (136)
2= \7, (137)

where 7* is a (fixed) twist determined by the growth process. Note that in
the growth process we claim that the amount of torsion depends on the refer-
ence configuration height Z. The elastic deformation gradient tensor is easily
determined to be

10 0
F=—AG = o1r(r—§) : (138)
00 1

With this form of B, the Cauchy elastic stress tensor is

Ti1 0 O
T(F) = 0 159 T3
0 T3 T33

: (139)

where

S\ 2
T11:P+q5+kl7<2+r2<7—%> ) (140)

£\ 2
T22:P+@+2LD+(@+LD)T2<T—TT> (141)
. i
. o
Tys = P+ & + 20, (144)

where P is the turgor pressure and ¢ = 27W/nl;, ¥ = 2nW/nl,. For a
Mooney-Rivlin material, @ and ¥ are constant.

If we require that during growth the process is free of (residual) torsional
stress, i.e. Ty, = 0, then the twist must obey

T=— (145)

which also eliminates the elastic torsional strain, i.e. Fy, = 0. If our growth
model allows for (gradually) increasing length, i.e. A increases with time, then
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condition (145) shows that as the cylinder grows it gradually unwinds. Under
this condition, all the other stress

Trp =Ty =T.. = P+ &+ 20, (146)

only depend on the load (the turgor press P) and hence there is no residual
stress at all.

5 Conclusions

In this article, we have reviewed different models to describe growth in biologi-
cal systems. The common thread to most of these models is the decomposition
of strain variables in elastic and growth components. The elastic component
is connected to the stresses by the usual constitutive equation whereas the
strain associated with growth requires a separate evolution law. These laws
are not yet well-understood and much experimental and theoretical work is
needed before a clear picture of how growth is related to stress emerges. Nev-
ertheless, it is already possible to explore the consequences of growth such as
the ability of a growing body to either build mechanical properties or undergo
pattern formation through a buckling instability.

An area in which growth modeling will play an increasingly important role
is in the modeling of tumor growth and cancer. We would just like to mention
the existence of growing body of literature on various modeling aspects and
data analysis of the problem that will drive the theory of growth (see [1,3,7,
8,16,33,46,54,61,63,75]).

It is important to note that the description given here is not the only pos-
sible approach to modeling growth. Other interesting approaches to growth
have been proposed either in terms of mixture theory, coupled with the evolu-
tion of natural configurations [40] or by focusing on the evolution of residual
stress in the material [57].
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Summary. A model of patterning in living systems is examined, one involving the
sequential interaction of a pair of signaling pathways. The model of pattern is cou-
pled to the changing shape of a (closed, thick) epithelial shape. Focus is on patterning
that couples localized cell differentiation and epithelial shape changes. Aspects of
the model are discussed in turn: the pattern, the epithelial sheet geometry, and the
coupling of the latter two. Changes in the pattern give rise to a changing epithelial
shape, and a changing epithelial shape in turn causes a change in the pattern, and
so on, as the total a area increases. The model is intended to provide a simplest
example of morphogenesis. An effort is made to reduce morphogenesis to its most
elemental ‘modules’: pattern, shape and their interaction. This may be seen as a
reversal from the usual historical progression (e.g., as in physics), i.e., first from
phenomenological modeling, then only later, to its reductionist underpinnings: first
came thermodynamics and later statistical mechanics. Post DNA biology has been
for the past fifty years primarily, and certainly very fruitfully, focused on the ge-
netic and molecular basis of development. The present work attempts to work from
the genetic and molecular underpinnings toward a more phenomenological model
of the origin of animals, but one simpler and more comprehensible. Mathematical
modeling has rarely dealt with animal form, or with its coupling to pattern, and an
attempt is made in this direction. A preliminary attempt is made to uncover possi-
ble molecular and genetic foundations of the present elemental model of interacting
shape and pattern. Very important recent genetic findings suggest that the very
most conserved regions of DNA are of relevance to providing a deeper understand-
ing of the successive coupling of signaling pathways. Molecular bases for pattern,
shape and their interactions are discussed, and possible connections to the model
are tentatively proposed. The model provides positional specification for Stem cells
as interstitial to the regions undergoing determination and differentiation. The role
of stem cells in patterning and morphology is speculated to occur by way of the
ubiquitous cytostolic-membrane-phosphoinositides.

Key words: Embryogenesis, epithelial shape changes, Fibonacci patterns,
pattern model, Gauss curvature.
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1 Introduction

Much of what was known by about 1980 of an organism’s development from a
fertilized egg came from a mixture of genetics and molecular biology, mostly
from two organisms, C. elegans and Drosophila [47]. This groundbreaking
work has been extended in recent times to vertebrates. What has become
increasingly clear in recent years is that deciphering the DNA code is only the
very first step in understanding the complex dynamics of the genome and its
regulatory network. The simple canon of gene — mRNA — protein is no longer
valid; the genetic regulatory system is very much more complex, with RNA,
as just one example, playing a much more varied role as genome regulator.
It may be argued that unraveling the human genetic regulatory ‘code’ may
greatly exceed the human genome project in time and expenditure.

The past ten years or so has seen a resurgence of great interest in con-
nections between development and evolution. These two areas of research
have not for many years recognized overlapping interests. This rebirth is com-
monly known as ‘evo-devo’, colloquial for ‘evolution and development’. One
main tenet of the new discipline is the conservation of genetic and develop-
mental commonality over some six hundred million years that underlies all the
diversity of animal types. There was, on this view, a single ancestor of all mul-
ticellular metazoa, and most likely a dominant ‘rule’ or generality of cell-cell
association discovered by evolution at the time of multicellular origins. Such
cellular associations were initially into two epithelial sheets (e.g., cnidaria),
but in relatively short time a third layer evolved, giving then three germ lay-
ers, endoderm, ectoderm and mesoderm, i.e., the bilateral animals. It is the
claim that remnants of such a rule of cellular association are still discernable
in spite of a half billion years of evolutionary elaboration and adaptation.
The limited number of major phyla, in spite of numerous mass extinctions
expected to have created a predator vacuum, is taken as one rationale for
such an assumption. Further, researchers in evo-devo have uncovered remark-
able conservation of many of the most crucial genetic mechanisms, and it is
relevant to emphasize for present purposes that these very frequently involve
the signaling pathways involved in early development (e.g., [9,62]).

Certain features of animal body plans, such as bilateral symmetry, have
been conserved since the early Cambrian or possibly earlier. In contrast, at
the species level there has been a continuous accumulation of changes; for
only one example, one notes the half million or so species of beetle. It is
proposed that the genetic regulatory networks associated with development
contain components, or domains, that differ in their evolutionary conserva-
tion. Relatively unchanging DNA domains act to perform essential upstream
functions in building given body parts, while other domains have been re-
peatedly taken over during evolution to perform diverse developmental tasks.
Then the highly flexible, individual cis-regulatory linkages have been left to
regulate detailed phenotypic variation [21].
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Essentially the same gene can make quite different structures. Evo-devo
emphasizes the non-coding DNA that sits between genes, and the switches
that activate this region, while playing down the earlier ‘protein-centrist’ per-
spective. While this new perspective may not be universal, it is clearly very
important. One common example among many is the Pax6 gene (in mice) and
the corresponding eyeless gene (fly). This gene apparently sits at the top of
the regulatory chain of genes involved in the specification of all types of eyes;
it simply gives an instruction “turn on the eye making process”. The eyeless
(fly) gene inserted into a mouse leg gives instruction to make a mouse eye at
that location. Changes in bird plumage color often involve the same gene that
causes red hair in humans. This sort of amazing genetic conservation across
nearly all animals is one of the key findings of evo-devo. This is accomplished
apparently by ‘switches’ which sit next to non-coding genes [9], and such pro-
moters are turned on by ‘transcription’ factors (proteins). However, only two
percent of the human genome, for example, gives rise proteins, while stretches
of DNA in the remaining 98% of non-coding sequences inform genes when and
where to be turned off or on. Promoters are regulatory genes that typically
sit immediately before a gene and signal where transcription should begin.
Enhancers on the other hand sit before, after and even within genes that they
regulate. In some cases, the enhancers function millions of base pairs away
from the genes they regulate.

Such master regulatory genes as promoters and enhancers effectively
switch other genes on or off, and these in turn switch on yet other genes,
and so on, in a cascade ending with final assembly of the animal. What is
conspicuously missing in this genetic description is the subject of most inter-
est at present, namely a specification of locale and sequence: how does a gene
know to turn on ‘here’ and not ‘there’ in a tissue, now and not later. This
last task is left to the ‘patterning’ process, one not extensively discussed by
evo-devo.

The Hox genes are an important and ancient part of the highly conserved
animal genetic repertoire. In bilateral animals, the Hox genes tell a given body
part, a segment, which appendage it should grow. A Hox gene expressed in
the head will tell head to grow antennae, while another Hox gene expressed
in the body might tell the body to grow legs. Mutations may cause legs to
appear where antennae normally belong, and so on. All animals have Hox
genes, and all animals use their Hox genes to determine which appendages
go where along an axis that runs from head to tail. Even cnidaria have Hox
genes, and the number of Hox clusters varies with phyla, vertebrates having
the most. A large number of genes that act in the same general way, it turns
out, are as old as Hox genes, that is, they have also been around since the
beginning of the bilaterians. The most parsimonious model for the evolution
of Hox/ParaHox clusters has been given recently [10]. It is worth emphasizing
here that the locus of an appendage around a segment (a leg, say) must still
be specified by some further mechanism, the pattern mechanism.
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The two main preoccupations, or projects, of Physics may be labeled ‘Uni-
fication’ and ‘Conservation’. Newton (1687) first unified the earth physics of
Galileo with that of the heavens. Maxwell (1860) unified the electric and
magnetic fields and electromagnetic waves, and the unification project con-
tinues today with efforts to unify the three forces (e&m, weak and strong)
with gravity. The conservation of energy (now more generally, mass-energy)
became a powerful concept post Newton, as did the conservation of charge
with Coulomb (~ 1880), followed by identification of any number of other
important conserved quantities. It is most interesting to witness these two
concepts, unification and conservation, albeit in somewhat different clothing,
now taking center stage in biology as well.

It is desired to include the most basic elements of embryogenesis and mor-
phogenesis. Such a parsimonious effort must be at best preliminary, excluding
as it does a number of key developmental events, e.g., such as cell migration.
However, it is helpful to remember that ultimately all models are wrong [13].
The origin of multicellular animals is a subject of primary interest, given that
eukaryotic cells had reached a degree of high sophistication by the Precam-
brian. The present paper describes a patterning model intended to be congru-
ent with evolutionary conservation. The model specifically requires coupling
of pattern to epithelial tissue shape. The assumption is that there are discern-
able remnants of the earliest pattern formation of multicellulars, and that the
many subsequent evolutionary changes are most selectively focused on fea-
tures that are not involved with this most primitive conserved beginning, one
assumed to involve the coupling of signaling pathways.

A number of important recent and relevant findings concerning genetic
regulatory systems are briefly summarized in Section 2. These findings in-
volve the many highly conserved genetic regulatory domains (chromatin and
nucleosomes) spaced out along DNA. These conserved regulatory domains are
those most closely coupled to the elements of the patterning model and its
coupling to the epithelial shape changes.

Section 3 reviews and discusses a recent model of patterning, specifically
those elements of patterning which couple to morphogenesis. Ultimately, the
aim is to make contact of the model with the genetic regulatory results of
Section 2. First steps in this direction are attempted. That the pattern part
of the model necessarily involves the geometry of the epithelial sheet is clar-
ified. The mathematical details of the model are in Appendix A. Examples
of patterns on specified geometries are presented in fig. 2 and fig. 3, indicat-
ing the versatility of the model. Fig. 2 shows a number of steady state small
amplitude solutions on a ‘stretched’ torus, or elongated donut. Fig. 3 shows,
also in steady state and small amplitude, the most frequent plant patterns
for the ‘leaves’ (or modified leaves such as petals) on a cylindrical stem, with
the Fibonacci patterns most prominent. The mathematical details pursuant
to the plant patterns of fig. 3 are included in Appendix B.

Section 4 discusses aspects of the geometry of epithelial tissues. Simple
expressions for the two curvatures are given in terms of the apical and basal
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areas and the sheet thickness at any point of the surface. Section 5 explores
aspects of the numerical computation of an invaginating surface. The mean
and Gauss curvatures were assumed to be functions of the two morphogens and
their gradients. In particular, the famous Gauss-Bonnet theorem, which states
that the area integral of the Gauss curvature over any closed surface must be
an integer times 4m, is seen to provide important constraint to numerical
computations. Of necessity, any surface invagination will involve a ‘twisted’
cell configuration, the ‘twist’ gene, and the important protein G-catenin. The
particular choice for the functional dependence of the Gauss curvature as a
function of pattern ‘morphogens’ used in the numerical integration of the
invagination, starting from an original sphere in the steady state model, is
shown to be most reasonable.

A model of a simplified closed system emerges, pattern affecting geometry,
geometry in turn affecting pattern. The pattern affects the geometry, via the
genome, and the geometry in turn affects the pattern, as growth takes place
and the total area of the epithelial (middle) surface increases. The model
describes a binary branching genetic tree at each growth cycle. A growth
cycle consists of a time interval during which a given pair of active signaling
pathways, each most active in separate spatial domains, grows to a maximum
of excitation, followed by their rapid decay. Section 6 discusses a few more
technical non biological aspects of numerical computation of the model in
axial symmetry.

2 Aspects of the Genome

Even though all the cells of an organism carry the same genome, each type
of cell must have access to only a few of the genes of the genome, with all
others permanently unavailable to it. The operation of this system that assigns
various identities to the cells is a central mystery of animal existence, but one
about which much new knowledge has been gained recently. It is the present
belief that these new finding will prove to be the genetic aspects most closely
coupled to the present model of coupled signaling pathways.

Recently it has been discovered that embryonic cells are kept in a poised
state, so that all of the genome’s many developmental programs are in an
inactive state, while at the same time their genes are ready to be read out when
the cell is assigned to a particular developmental path. The developmental
programs are initiated by master regulatory genes, and these control many
lower genes. The master regulatory genes do not code for proteins in the
usual sense of gene-RNA-protein, but perform their function by producing
what are called transcription factors, proteins that seek out and bind to sites
on the DNA, thus controlling lower-level target genes [6]. A key question
concerns what controls the non coding master regulatory genes, the promoters
and enhancers. The answer apparently lies, partly at least, in the chromatin.
The DNA is looped around very many ‘spools’ of chromatin, wrapped just
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1.65 times around each spool. The nucleosome, with ~ 200 base pairs, is the
fundamental repeating unit of chromatin, and is wrapped around a core of
proteins called histones. The chromatin on a given spool can either be tightly
wound, in which case the DNA is inaccessible, or it can be wound loosely, when
it is accessible to transcription factors that aim to copy a gene to produce a
specified protein. Each spool of chromatin then in effect contains two control
‘tags’, an ‘on’ tag and an ‘off” tag. For example, a triple methylation mark
on lysine 4 of histone H3, designated as H3K4me3, is a hallmark of all active
genes [39,63]. Such loci cause other proteins to wrap the DNA loosely, while
still other proteins act to wrap other tags tightly, preventing genetic readout.
Mature cells are known to have long stretches of chromatin corresponding to
chromatin regions of the DNA turned off. Much shorter sections of mature
cells have the ‘loose’ tag, indicating that the local genes are allowed to be
activated there. This is a simplistic description of a very complex biochemical
situation, still in the process of being unraveled [1].

The bivalent chromatin domains occur at regions on the chromosome
where some of the DNA is highly conserved, which implies that the same DNA
sequence is found in very different species, or even different phyla. Being highly
conserved implies that this domain is spared the usual mutations, and that
this DNA plays some vital role in development. The reasonable speculation
is that many of these domains are precisely those involved in cell signaling,
tissue shape and growth. These sequences do not contain the usual genes that
code for proteins (‘coding genes’), but only master regulatory genes, meaning
that these domains are conserved for some other reason.

The DNA not only encodes the instructions for making the organism in
its sequence of base pairs, but also provides signposts for regulating its own
readout. Such signposts allow regulatory factors to take up the positions along
the DNA that are necessary for proper functioning. The nucleosome position-
ing is probably a key element in regulating access of other regulatory proteins
to DNA. Such things as transcription factor binding, transcription initiation,
and possibly even reorganization of the nucleosome positioning itself are likely
crucially affected by the nucleosome positioning. Segal et al. [56] have shown
the high probability that there is a genomic code for nucleosome positioning
along the DNA.

When embryonic cells are investigated, the chromatin covering the re-
gions of DNA where the master regulatory genes are situated are found to
have both tags, indicating ‘available to be read’, and also for ‘closed’ or un-
readable. These genes were neither accessible nor inaccessible, but in a state
of suspended animation, both silenced and at the same time ready for read-
out. These ambiguous stretches of ‘poised’ chromatin are called ‘bivalent’. The
sense of this finding is that each cell of the embryo must not be committed to
any fate, not for the time being. This bivalent or third state was found only
in the embryonic cells. The master regulatory genes must be suppressed, but
on the other hand, must be ready to activate a particular master regulatory
gene when its fate is determined in some way. How this particular designa-
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tion of specific master regulatory genes happens biochemically is a remaining
mystery; but it is as if each chromatin domain contains a three way ‘toggle’,
with an ‘on’, an ‘off” and a ‘bivalent’ setting. Enhancer genes are even more
mysterious, and scientists still don’t know enough about them yet to even
reliably distinguish them from other sequences.

The regions of cell determination will be addressed in later section, under
the heading of “pattern”, when the effect of neighboring cells of any given cell
comes into play. The ultimate goal, and one certainly not achieved at present,
is to provide a seamless connection between the genome and the coupled
signaling system, the latter crucially involved with patterning and thus with
neighboring cells.

A very interesting recent finding [3,5,64] involves the bivalent domains of
embryonic stem cells. It was found that there are certain genes, most promi-
nent among them (e.g.) oct4, sox2, nanog, and c-myc, which are particularly
active in mammal stem cells [53]. Analogous genes with different interactions
between them are presumed to be active in all other eukaryotic animal stem
cells. The gene c-myc is long known to be involved in control of cell divi-
sion [49]. These genes make transcription factors that act on each other’s
control sites in such a way as to form a sort of circuitry for controlling the
stem cell’s master regulatory genes. Their function in stem cells is, surpris-
ingly, to keep the genes that effect cell determination inactive. Loss of activity
in certain individual genes of this group initiate distinct differentiation pro-
grams. Several gene products are generally required in order to activate the
cell’s promoter sites, and seven such regulatory genes have been described.
Specific functional roles have been suggested [35]. Some limited tie-in of these
finding with the ‘pattern’ model of Section 3 is attempted, in an ongoing
effort.

Emphasizing the complexity of the genome further, even epigenetic control
of gene expression may occur, as first suggested by Waddington [29].

The above description of the genomic control system of a cell contains no
mention of the influence of the neighbors of any specific cell under discussion.
This omission is a main topic of interest below. It will be argued that the
neighboring cells play a decisive role in determining the fate of a given cell,
in a binary manner in each ‘growth cycle’. The central role of a certain set of
signaling pathways in patterning, tissue shape and cellular determination is
seen as essential.

3 The Pattern Model

Focus is now on a particular cell, or perhaps a small group of similar cells. The
pattern most generally includes the geometric shape of the tissues. However,
a somewhat artificial separation will be made at first by use of the terms
“pattern” and “shape” (or geometry) of a tissue. It is found easier to first
treat the two aspects as if separate, before their interaction is introduced,
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after which the distinction becomes blurred. In the ensuing, one affects the
other, pattern determines shape, and shape determines pattern; a ‘chicken
and egg’ situation.

One of the most fundamental questions of development involves pattern-
ing. How is it that an animal with the same genetic information in each cell
comes to have different organs? This is the question to which ‘pattern’ is
addressed. It is a question that should be treated not only from the point
of view of the genetic regulatory system of a single cell, but also by recog-
nizing the crucially important interaction of a cell with its neighboring cells.
When it is asserted that certain proteins are produced at a particular site
because certain genes (or gene network) were activated, as true a statement
as this may be, the question of “why here at this locale, and not there”
always looms. Often pattern models are of the seminal ‘Turing’ class [60],
where two substances necessarily diffuse at different rates, and interact to
produce a pattern due specifically to the nonlinear nature of the two inter-
acting substances [38,42,43,45]. Other well studied patterning agents include
the diffusing maternal gene products in the case of long germ syncytial in-
sects such as (esp.) the fly, when cell membranes do not form for numerous
(13) cell division cycles. Dilao has recently given a review of reaction-diffusion
models. The mass action law is introduced, and mass conservation introduces
memory effects in biological development in patterns that can be explained
as differences in initial conditions occurring during development [22]. Clearly
the present model only applies to animals with epithelial cells, i.e., cells with
plasma membranes; in the pre-cell state such as that of syncytial insects, other
pattern mechanisms are expected to apply.

Beloussov [2] has emphasized an approach pointedly not based on reaction-
diffusion schemes; the emphasis is in uncovering possible universal “rules of
morphogenesis”, and such a search is also a motivation of the present work [59].
‘While the motivation is the same as that of Beloussov, the present approach is
quite different in that it is assumed that signaling pathways affect cell shape
changes through interaction with the genome, and that the cell shape changes
in turn affect the pattern, and so on.

The present pattern model consists of two interacting signaling path-
ways [16, 17], a different pair (perhaps) specified at each cycle of growth.
The process of signal transduction allows a cell to receive messages from its
environment, most often very local, as from neighboring cells, and transfer
this signal from the membrane through the cytoplasm and into the nucleus.
Here the signal contributes to the cell’s response by altering the expression of
various regulatory genes. Regardless of the signal’s nature, the general logic of
the transduction pathways that are triggered by ligands is roughly the same.
The signaling protein (ligand) binds to a receptor, which consequently un-
dergoes conformational change. Most commonly, phosphorylation by a kinase
enzyme allows the receptor to recruit cytoplasmic signaling components, ini-
tiating a cascade of events resulting in changes in gene expression, and often
other events as well. The well studied ‘Wnt’ pathway may act as a model in
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many respects, although it has some important twists of its own which go
beyond the simple description just given [13,20,46].

Licand 71  Plasma membrane
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Fig. 1. Schematic of a cell shows (on left side of fig. 1) two receptors on the left
associated with two different signaling pathways, both embedded in the plasma
membrane. Also indicated are two extracellular ligands, labeled #1 and #2. It is
assumed that only receptor #1 is activated by its ligand. There are three intracellular
branches indicated leading from the activated receptor #1, labeled as a, b and ¢ in
the figure. Path a provides stimulated production of further ligand of type #1, as
indicated by the ligand to the right of the cell. Path b is a path leading to activation
of a transcription factor in the nucleus specific to signaling pathway #1. Activation
of relevant genes is achieved via path b. Path ¢ blocks both production of ligand #2,
as well as activation of the transcription factor specific to signaling pathway #2. The
paths a and c act relatively fast compared to the path b going to the nucleus. This
path to the nucleus b is not considered explicitly in the math model, since such is
specific to each animal. Fig. 1b shows a plot of G(S) vs. S. Spontaneous activation of
the pattern arises when there is a negative root of the equation G(S) = p.q, defined
by eq. (21), and shown in fig. 1b. Shown is the case of two real roots and two complex
roots. The two complex roots give rise to traveling waves, with a velocity equal to
the imaginary part of the root divided by the wave number k. A wave damped in
time occurs if the real part of the complex root is positive, otherwise a growing wave
results.

The focus is first on a specific growth cycle, with one pair of signaling
pathways active. Specific ligands exist for each type of receptor. The ligand
densities for the two coupled pathways are denoted as L1 and Ls. The notation
Ry and Rs denotes the densities of the corresponding activated receptors, that
is, the receptor plus its associated ligand. It is these latter entities which are
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taken to be what we term the ‘morphogens’. Activation of a receptor leads to
activation of transcription factors in the nucleus, after upstream interactions
with numerous intracellular cytoplasmic mediators unique to each pathway
[25].

The literature on signaling can be a miasma of acronyms; but a reasonably
simple underlying logic is beginning to appear. The pathways of interest here
are those that interact in the particular way envisioned in the paragraph just
below, ones that have a ligand captured by a receptor culminating in transport
of a transcription protein into the nucleus. The interactions in the cytoplasm
are specific to each of the two pathways at each time step, and since the
interest here is in the basic events of embryogenesis, the result is both cellular
differentiation and tissue shape change.

The two main elements of the model may be simply stated: 1) Activation
of receptor ‘1’ by its associated ligand leads to deactivation of receptor ‘2’; and
vice versa. This is indicated in fig. 1a by the arrow labeled c. The deactivation
of (e.g.) receptor ‘2’ denotes deactivation of the production of ‘like’ ligands
of pathway ‘2’. Each active receptor (e.g., ‘1’) produces a cascade that acts
to deactivate the other type (e.g., ‘2’) pathway. It is likely that this function
is facilitated by a member of the GTPase family [26,32]. The result is that
each receptor Ry or Ry leads to production of ligand of like kind [18,19].
This production of like ligand by its receptor activation occurs by way of the
nucleus; this process has not as yet been empirically attributed to a specific
reaction. A speculation concerning the activation of like ligand as well as
the deactivation of the ‘other’ ligand will be given later in this section, one
involving the ubiquitous membrane associated phosphoinositides.

The arrow in fig. 1a labeled a indicates the production of ‘like’ ligand.
The pathway may be by way of the nucleus, or by way of a combination of
pathways, one of which involves the nucleus and transcription factors, and
one bypassing the nucleus. The pathway shown in fig. la indicates only a
pathway bypassing the nucleus, for simplicity. Also, of course, activation of
a given receptor culminates in activation of relevant master regulatory genes
in the nucleus, and indicated in fig. 1a by the arrow labeled b. This provides
for three critical functions to be performed by each activated receptor: (a)
secretion of ‘like’ extracellular ligand by its receptor; (b) activation of those
regulatory genes setting in motion a cascade of genes associated with the
particular genetic pathway associated with each spatial region. It is assumed
that transcription factors which control the actin cytoskeleton and thus cell
shape will be activated; (c) deactivation of the pathway giving rise to secretion
of the ‘other’ ligand.

These assumptions allow one to at once write equations for the four quanti-
ties involved in the patterning process, namely, L1, Lo, Ry and Ry (Appendix
A). The Ry, Ry will play the role of the usual “morphogens” in the steady
state example patterns of Section 4. The details of how the signal activates the
relevant genes, or which genes are activated, is not addressed by the model,
and is of course specific to each species at each growth cycle. The model aims
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to focus attention on the elements of pattern and shape which have universal
relevance.

Three events are labeled in fig. 1a. In fig. 1a the pathway labeled a denotes
the stimulated emission of like ligand into the extracellular space upon capture
of ligand ‘1’ by its receptor (brown), whether such event involves bypassing
the nucleus or not. The pathway b denotes the (perhaps relatively slower)
activation of transcription factors in the nucleus following capture of ligand
‘1’, and followed ultimately by specific protein production. There is no term in
the math model dealing with this b path interaction. The pathway indicated as
¢ denotes the (perhaps relatively fast) blockage following activation of receptor
‘1’ of the secretory activity of the signaling pathway activated by ligand ‘2’.
The same blocking of ‘1’ occurs upon activation of the ‘2’ signaling pathway.
The two pathways act essentially in a mirror image fashion; what is true of
pathway #1 is also true of pathway #2. Just how the stimulated secretion
is facilitated, as well as how activation of one pathway acts to deactivate the
other can be seen as a separate subject. However, the present speculation
is that the phosphoinositides play a crucial role in both respects, stimulated
emission and second ligand deactivation.

The model has a number of interesting properties. First among these is
the fact that spontaneous pattern activation from zero amplitude does not
depend on the form of the nonlinearities (which of course invariably enter), or
even on their existence at all. Setting each of the four variables proportional
to exp(ik-x— st) in the linear version of the model in the usual way (e.g., [45])
leads to a fourth order equation to determine four roots of a function F(s), or
equivalently, G(S) —pq, where p and ¢ are (constant) parameters of the model
([16]; Appendix A). Fig. 1b shows the function G, which has four analytically
determined real roots. Under appropriate parameter values, one of the roots
of F(S) = G(S) — pg will be negative, one positive, and often two others will
be imaginary. A solution with two imaginary roots is shown in fig. 1b. The
maximum of the function G lies below the constant p.q in this case. Such roots
imply traveling wave solutions, waves traveling with a velocity given by the
imaginary part of the root divided by the magnitude of k = |k|. This is seen
by substituting either of the two imaginary roots into the exponential just
above, so that there is a solution of the form of a traveling wave. Such a wave
will be growing if the real part is negative. Traveling waves have been observed
during development (e.g., [30,31]); Cummings [15] has given a simple model of
waves in Drosophila eye development based on signaling pathway interaction.

A second important property of the model is that there is no requirement
that any quantity diffuse faster than any other. The activated receptors, or
rather their density, define the ‘morphogens’ of the model. The active recep-
tors are fixed in the cell plasma membrane, and are relatively immobile. The
ligands themselves can be imagined to in general diffuse only a few cellular
diameters at most in the extra-cellular space until they are captured by its
receptor, and ligand may even most often originate from nearest neighbors
of the receptor cells. Due to a relay effect, there is often the appearance of
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long-range diffusion. Of especial interest is that the model is based squarely
(if simply) on the interaction of two signaling pathways at each growth cy-
cle, such pathways being well known to be crucially important in embryonic
development (e.g., Nature reviews, 2006, 441, #7092, 423-530), at least when
acting even independently.

The model leads in a natural way to a binary genetic decision at each
‘growth cycle’, or time step. Each region of (epithelial sheet) space is divided
into relatively smaller and smaller pattern domains as growth takes place. At
each time step, or growth cycle, only one pair of all possible pairs of signaling
pathways is selected. A given signaling pair, along with the geometry of the
epithelia, determines the complete pattern. The Wnt [62], Hedgehog, Notch
and BMP are examples of highly conserved pathways [16,33] of a surprisingly
small handful of candidates involved in embryogenesis, approximately seven.
Signaling pathways have long been known to direct growth and patterning
during embryogenesis. Mis-specification of cells towards stem-cell fates rather
than their intended differentiated designation often result in tumorgenesis [57].

The amplitude (maximum size of the densities Ry or Ry) of any particular
pattern increases as tissue growth occurs, and as total area of the (middle
surface) epithelial sheet increases. Numerical calculations show that solutions
decay away quickly once the amplitudes reach a certain maximum value, as
required by the model (and evident from egs. (14) and (15) of Appendix A).
The next allowed, more complex pattern of lower symmetry is then allowed
to emerge. This next pattern is one of originally small amplitude, arising
when the total tissue area becomes adequate by virtue of growth. The two
to be differentiated spatial areas of the model are specified by the two scale
parameters k; and ko, which will in general be different at each growth cycle,
and defined in terms of the model parameters below eq. (19) of Appendix A.

Last but not least, stem cells find a niche in the present pattern generator.
Stem cells play such an important role in development, it is important that
their patterning be specified. They lie between the two morphogens which
provide a common region in which each morphogen is of too small amplitude
density to effect differentiation.

Fig. 2 illustrates aspects of the steady state (9/0t = 0 in egs. (12) and (13))
pattern model on a fixed cylindrical toroidal geometry, for several values of
increasing total area. Each of the three figures shown is a thin torus, requiring
periodic boundary conditions in two coordinates. Several cycles of growth are
illustrated. The colors do not specify the different possible regions of cellular
determination, but rather only mark off the regions between patterns where
stem cells are expected to occur. For example, in fig. 2b four colors would
be required to uniquely specify all determined regions, and distinguishing
the dorsal from the ventral region. Eight different colors would otherwise
be required in fig. 2c if each region possibly undergoing differentiation were
shown. Interstitial stem cells regions are indicated in each case by a thin black
line separating each (much larger) pattern region. The stem cell regions are
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those interstitial regions where the amplitude of neither morphogen (R; or
R5) is sufficiently large to induce cellular determination.

Fig. 2. A schematic of the small amplitude solution of the model of Appendix A is
shown. The geometry is that of a torus, and each of the three figures 2a, 2b and 2c
are shown in a side view of the outermost cylindrical surface. Two cylinders of the
same lengths but slightly different radii, one surrounding the other, are imagined as
joined at their ends. The model has been solved in the small amplitude case, and
time independent. Fig. 2a shows patterning on the external cylinder after several
growth cycles. The same colors indicate that, in this case, the same pair of signaling
pathways was used for each cycle. Each pair of rectangular grey and white rectangles
represents one growth cycle. The (thin) black lines separating the grey and white
rectangles represent stem cell locations, interstitial to the larger rectangles, or differ-
entiating regions. How many growth cycles have occurred depends on whether or not
all possible stem cell regions underwent growth at each cycle. The numbers m = 4,
n = 0 indicate four axial growth cycles, and no radial pattern has yet emerged. fig.
2b represents just one extra cycle of growth beyond fig. 2a. This pattern introduces
bilateral symmetry; a most basic ‘animal’, with a through gut, and bilateral symme-
try emerges [18,19]. Two horizontal stem cell regions are indicated by one horizontal
line, in side view; the intersecting vertical lines are again stem cell locations. The
bilateral symmetry can arise only when the radius of the cylinder grows to a large
enough value, indicated by m = 4, n = 1, labeling this solution. Fig. 2¢ indicates
an even larger radius, indicated by the next allowed solution n = 2. Here is seen in-
tersection of two horizontal stem cell regions (on one side) with several (here seven)
vertical stem cell regions. There will clearly only always be an odd number of ventral
(lower) intersections, regardless of the value of axial length, m. This is in view of
the fact that the model always requires that both patterns occur together (e.g., grey
and white as in fig. 2a). This may be of interest in view of the fact that all species
of centipede (> 3000) have only an odd number of leg pairs. This would occur if it
were supposed that all the intersections provided positional cues for development of
legs. The dorsal intersections may further provide positional cues for development of
(e.g) gills, antennae, and wings in some more evolutionarily advanced animal than
the centipede, i.e., one with a greater number of Hox clusters.
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Fig. 3 illustrates the application of the equations of Appendix A to plant
patterns, and intended to show the versatility of the pattern model. The fa-
mous Fibonacci as well as other well known patterns, decussate, distichous
and whorled are simply obtained. The patterns are of the ‘leaves’ or ‘florets’
on a cylindrical stem, shown on a flattened rectangle representing one repeat-
ing period. It is suggested that a similar patterning mechanism may be at
work to that of animals (two interacting signaling pathways), albeit no doubt
with quite different bio-chemicals involved. The phosphoinositides are key bio-
chemicals common to both animals and plants [11,12], and are speculated to
play an analogous role in both.

S1=+2; S, =+1/2

Fig. 3. Three Fibonacci plant patterns are shown. The number of leaves in the
three cases shown are N = 5, N = 3 (middle) and N = 8. These are the most
frequently seen Fibonacci patterns. The intersections of the two straight lines in
each case indicate the position of the leaves. The first leaf is always at the origin in
the lower left hand corner. The box below the middle N = 3 pattern gives the slopes
of the two lines, both positive, when N = 22 — 12, The spiral pattern with N = 4
is interestingly not allowed. The model also gives the common decussate pattern
(p = q = 2), the distichous pattern (p = ¢ = 1), as well as the bijugate, trijugate,
...patterns, where p > ¢ > 0 but p and q are not relatively primed. When ¢ = 0,
the slopes of the straight lines are zero and infinite, and the patterns are superposed
whorls, with p florets on a level.

The fact that interactions with nearest neighbors are required by any pat-
tern model of necessity introduces the geometry of (in general) curved surfaces.
Mathematically this enters through the Laplace operator (Appendix A, egs.
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(12), (13)). The Laplacian enters all known candidates of patterning proposed
to date, albeit often in disguised form. The Laplacian of the ligand density in
some small area is proportional to the average of the given density at nearest
neighbor sites minus the density at the site in question. This implies introduc-
tion of the second partial spatial derivative (at least in the limit of small site
areas), and this insures that surface curvatures must enter the model. Tissue
shape is discussed in more detail in Section 4.

An equivalent picture of the purely pattern aspect of the model is of in-
terest, and serves to emphasizes the model’s uniqueness. Appendix B gives
a simplest steady state formulation of a quite differently formulated model,
one consisting of two ‘morphogens’ of unspecified composition, where the two
quantities try to avoid each other spatially at each growth cycle. The two
quantities (‘morphogens’) form into separate spatial regions that avoid signif-
icant overlap, as in the model of Appendix A. The linear version of the model
of Appendix B is essentially the same as the linear version of the model of Ap-
pendix A. Then two different views of the pattern ‘algorithm’ emerge: coupled
signaling pathways, and two morphogens that avoid each other. In either case,
the result is that there is always an interstitial region between the two pattern
regions where both morphogens have very small amplitude, i.e., and thus not
effective at producing differentiation there. Between the regions, and below
some presumed threshold, is a spatial network for which neither morphogen
has sufficient potency (i.e., active receptor density in the case of the model of
Appendix A) to lead to cellular determination in this region [18,19]. A natural
designation for the spatial distribution of stem cells is then given. (A more
detailed definition of stem cells is given below: they are to some extent undif-
ferentiated cells, as well as ones having a complement of three or more active
genes). The model may now be seen as a tripartite patterning model, with
new stem cells finding their niches at each growth cycle, always interspersed
between two (much larger) regions slated to undergo determination [54]. It
will be assumed that growth originates from these interstitial regions.

Growth is assumed to occur from the interstitial stem cell regions. As a
pattern decays from its maximum amplitude, the epithelial (middle) area be-
gins to increase due to increase in the stem cell region. The control of stem
cell growth by the two signaling pathways is being relinquished as the pattern
decays. This area increase continues until sufficient area allows the next pat-
tern to begin to arise, in accordance with the model. As the pattern amplitude
arises beyond a threshold, the set of active genes, the activity of which genes
virtually defines the stem cells, are selectively turned off in the regions un-
dergoing differentiation by the activity of the signaling pathways, again with
binary differentiation occurring in different spatial regions. Stem cell growth
is thus controlled by the pair of signaling pathways, and loss of such control
clearly is most often a disaster for the animal. Further, a) the genes defining
stem cells begin to return to activity in the stem cells as the pattern ampli-
tude declines, while the new, growing pattern is simultaneously deactivating
these same genes in the new pattern regions being established. In particular,
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the genes specifying growth, such as c-myc, are being deactivated in the re-
gions undergoing differentiation; and b) the stem cells retain the memory, or
labeling by the particular binary genetic path taken in each region, resulting
in (e.g.), liver stem cells, neural stem cells, etc., as development proceeds.
Denoting that a specific cell has taken binary path G,, or g, at the nth binary
selection, a specified cell may, for example, be labeled G1G293G49s - . .

In Appendix B, the mathematical details of the pattern capabilities of
the linear steady state model are illustrated by application to patterns in
plants. The famous Fibonacci patterns are obtained (fig. 3) as well as the
common decussate, distichous, and whorled patterns for the leaf placement on
a plant stem [14]. The observed fact of the very infrequent appearance of four
leaves in a simple spiral before a repeating pattern occurs defies explanation
in terms of natural selection, and in fact a ‘four spiral’ does not occur at all
in either model above, i.e., neither in the linear version of Appendix A, or the
model of Appendix B. Perhaps hints regarding a fundamental plant patterning
mechanism is hidden in facts such as these, such acting as constraints on the
otherwise pre-eminent role of natural selection.

Fig. 2 is a schematic of the solution of the linear (small amplitude) so-
lutions of egs. (18)-(19). Shape changes to the basic shapes are indicated as
amplitudes grow as the total surface area changes. The figure emphasizes the
tripartite nature of the model. A side view of the external surface of a toroidal
(donut-like) geometry shows numerous growth cycles, several in fig. 2a, and
only one further in each of fig. 2b and 2c. Fig. 2a indicates that the same
pair of pathways are employed in each growth cycle, as indicated by the same
two colors, grey and white. The pattern rectangles in each case represent the
binary regions of cellular determination, while the very narrow black stripes
separating these larger regions indicate stem cell regions. The integer m repre-
sents the number of axial modes which have been generated, while the integer
n represents the angular modes. The simplest case would correspond tom = 1,
and would simply show one grey exterior, with a white region (say) interior
to the torus. The appearance of one type of determined region (e.g., grey) is
always accompanied by its counterpart (e.g., white). The side view of fig. la
represents a (thin) donut shape, (of a fixed volume, and elongated along its
axis). Each region is separated by smaller circular stem cell regions.

The pattern corresponding to n=1 begins to emerge when the cylinder
radius increases to sufficient value [18,19]. Fig. 2b shows a case where bilat-
eral symmetry has been attained, providing the most elementary through-gut,
bilaterally symmetric ‘animal’, with anterior and posterior having been desig-
nated as well at the earliest growth cycle. Fig. 2c shows the next radial mode,
the radius having increased further, and corresponding to integers m = 4 and
n=2.

Growth and subsequent development are considered to occur from the
stem cell regions. In fig. 2a, the ‘embryo’ consists at first of the two patterned
parts separated by a stem cell region, and corresponding to m =1, n =0 in
the model. This growth pattern may continue along the axial direction for an
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unspecified number of growth cycles, corresponding to some total area, before
the n = 1 bilateral pattern may emerge, as the radius increases. It is presumed
that the segment-like patterned pairs in fig. 2b are not distinguished from each
other (i.e., by further Hox clusters, as animal complexity increases), and that
only one Hox cluster is present, serving to delineate head from tail. A key
element of the model is that the two pattern elements must always appear
together, and adjacent to each other, i.e., grey adjoining white.

If the intersection of ventral stem cell regions may be considered as spec-
ifying the locations of limb placement, (the lower horizontal line of fig. 2¢
intersecting with the several vertical lines representing circular stem cell re-
gions); then there will always be an odd number of limb pairs, independent
of the number of axial ‘segments’, provided that a limb pair is formed at each
of the ventral locations indicated in fig. 2c. This is a consequence of the re-
quirement of the model that one determined region be always accompanied
by a second region of different determination. Of note is the observation that
of the more than 3,000 species of centipede, with leg pair number from 15
to 191, all have an odd number of leg pairs. This is not to be understood by
appeal to natural selection, and indicates an ancient constraint involving pat-
tern formation. Both observations: (a) the lack of the number ‘four’ in spiral
plant patterning as well as: (b) the centipede leg pair number observation are
encompassed by the present model.

The positioning of appendages such as wings and antennae may further
be specified in more evolutionarily complex animals by the dorsal stem cell
intersections of fig. 2c. Head, thorax and abdominal regions have in this case
generally been distinguished by addition of further Hox clusters.

The model differs from most others in that two separated differentiated re-
gions are formed at each growth cycle, without having to arbitrarily prescribe
numerous thresholds to delineate one differentiated region from the other by
arbitrary thresholds each patterning event. A stem cell region is designated
at the termination of each growth cycle as separating the two regions. Fur-
ther, boundaries sharpen between the two regions undergoing determination
as growth proceeds, and the receptor density amplitudes rise, due to the pres-
ence of nonlinearities in the model. No sources are introduced in the present
model; often in other models, sources are invoked as the origin of diffusing
morphogens, and their position(s) are arbitrarily designated to produce the
desired result; the sources are most often not specified by an auxiliary pat-
terning mechanism.

Two morphogens reacting and diffusing as envisioned by the usual models
(e.g., [45]) also leaves open the question of what terminates the process, or
what then subsequently initiates the next cycle of reacting-diffusion, presum-
ably consisting of different diffusing bio-chemicals than the previous pair. This
latter question is one which must be addressed by any pattern model, includ-
ing the present one. This remains an open question for all models, including
the present. Suffice it to say, if only vaguely, that in the present model the
following signaling pair is determined genetically by switches thrown as devel-
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opment proceeds, cued somehow by action of the preceding pair of pathways;
the fact that the present model is specifically closely coupled to the genes
adds some entre to an explanation in terms of genetic switches. The binary
decision made at each cycle calls for an explanation beyond “it’s a genetic
program”.

The source of the ligand which binds a given receptor is usually left as
an unknown in discussions of signaling pathways. The possibilities for ligand
sources seem to be limited. For example, neighboring cells could emit ligand
at random times and places; or at some steady rate; neither is envisioned as
a viable mechanism. Or a ‘source’ cell could possibly be the emitter of ligand,
in which case the question of placement in space and time of ligand emission
arises. This would require specification of a second patterning model to spec-
ify the locale of the source(s). The present proposal of stimulated emission of
ligand from a cell by stimulating ‘like’ ligand is the greatly to be preferred
alternative to the above. This stimulated emission of “like” ligand is a phe-
nomenon yet to be empirically observed, possibly largely due to experimental
difficulty. One suggestion is that the ligand of the stimulated secretion may
involve a previously stored membrane cache in anticipation of an appropriate
signal, and is (in this restricted sense only) similar to nerve cell stimulated
secretion; at least one might suspect that the two processes, secretion from
nerve cell junctions and the ligand secretion envisioned in the present model,
have a number of elements in common. At any rate, the early appearance in
evolution of primitive nerve cells calls for a precursor.

In the embryo, each chromatin site of the DNA in effect holds two tags that
are each in a ‘poised’ state; each potentially can be toggled ‘on’ (read) and
the other site ‘off” (don’t read) in a permanent fashion upon the appropriate
signal. It is proposed that each transcription factor of the two pathways acts
at the same time at two locales of master regulatory switches. Pathway ‘1’ by
way of its transcription factor leads to activation (‘on’) at chromatin site #1
(say), and ‘off” at chromatin site #2; pathway ‘2’ leads to ‘off” at chromatin
site #1, and ‘on’ at site #2. The two different transcription factors each
activate an ‘on’ (‘read’) tag of their target chromatin spool, at the same time
activating the ‘off’) the ‘no-read’ tag at the corresponding chromatin site of
the other. We remember that these two transcription factors are acting in
disjoint, spatial regions. This procedure occurs at each cycle of growth, with
different (in general) signaling pathways generating two different transcription
factors, leading to different cellular determination in the two regions.

Curiosity concerns the possible role of the four genes mentioned in Section
2 that are active in all stem cells. Such gene activity can be taken as a defining
property of stem cells. At least three (sox2, oct4 and nanog in mammals, or
homologues in other animals), and perhaps more, act as a sort of variable cir-
cuit, each associating with another’s control sites [53]. There are transcription
factors made by these genes, and present at the onset of each growth cycle.
The proposal here is that these genes and their transcription factors play a
central role, however, in the secretion of ‘like’ ligand required by the model,
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as well as the concomitant prevention of secretion of ligand of second type in
the specified region.

As the morphogen amplitudes rise from their initial very small amplitudes,
these genes that are active in stem cells must be selectively deactivated in each
of the dominant pattern regions, i.e., in those regions destined for determina-
tion due to rising morphogen values. This is because these active genes are
taken to be the definition of stem cells.

It is proposed that the highly conserved, ubiquitous phosphoinositides (PI)
will play a key role in elucidating both the “like ligand” stimulated secretion
as well as the switching off of the activity of the “second” ligand secretion
pathway in region #1. Phosphoinositides collectively refer to phosphorylated
derivatives of phosphatylinositol, and have a pivotal role as precursors of sig-
naling molecules, as well as regulating the actin cytoskeleton. Certain members
of this family of Pls directly regulate the actin cytoskeleton by modulating
the activity and targeting of actin regulatory proteins [58]. Phosphoinosi-
tide head-groups, which can be reversibly phosphorylated to generate seven
species, allow phosphoinositides to play a fundamental role in controlling
membrane-cytosol interfaces. Their function includes signal transduction at
the cell surface as well as regulation of membrane traffic, interaction with the
cytoskeleton, and permeability and transport functions of the plasma mem-
brane [23]. Their importance to the present model would seem clear, and such
a connection is under ongoing investigation.

A tentative speculation involves a partial explanation of the mechanism
involved with secretion of ligand #1, and simultaneous prevention of secretion
of ligand #2 (or vice-versa) via the four active stem cell genes mentioned.
Let us call these active stem cell genes a, b, ¢ and c-myc, assumed active
in all stem calls, constituting in fact a definition of “stem cells”, along with
their status of being at least to some degree undifferentiated. The gene c-myc
is thought to be associated with cell division and thus growth. Reversible
phosphorylation of the inositol ring at the three positions (designated as ‘3’,
‘4’ and ‘5’) results in the generation of seven PI species. Each of the seven
has a unique subcellular distribution, and combined with their high turnover,
makes them optimal mediators of signaling events, recruiting cytoskeletal or
signaling components to the membrane. Stipulate first that the role of the
three active genes (say, a, b, ¢) of a stem cell is to produce proteins which
occupy the three inositol ring ‘docking’ positions, such a ‘full house’ indicating
that no differentiation is to take place. Imagine that ligand #1 of the signaling
pathway pair deactivates gene a (for the simplest example) in the stem cell
nucleus. Then only the gene products of b and ¢ will occupy sites (e.g., ‘3’
and ‘4’) on the inositol ring, leading to secretion of ligand #1, and loss of
stem cell status due to the deactivation of (one of, in this case, a) the three
genes. At the same time prevention of secretion of ligand #2 occurs, due
to conformational change in the inosital ring upon occupation of ring sites
by gene products of b and ¢, but not by the products of gene a. The gene
c-myc will be expected to be deactivated also by any particular ligand and
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its subsequent transcription factor activity. Then similarly, ligand #2 can
be supposed to lead to deactivation of stem cell gene b, (predominately) in
a different spatial region, leading to the occupation of two different inositol
docking sites (e.g., ‘3" and ‘5’) of the three possible inositol sites, and leading
to secretion of ligand #2, prevention of ligand #1 secretion in this region, and
loss of stem cell status in favor of cellular determination ala ligand #2. Yet
another pair of different type of ligands may deactivate both a and b, or the
pair a and ¢, and so on, giving a total of seven possible signaling pathways
which may be involved in such a scheme.

At any rate, the observed activity of stem cell genes calls for a roll for
them to fill. Here it is speculated that the filling of the three inositide head-
group ring sites by three of the gene products (not including those of c-myc)
provides a sensible possibility; their status as stem cells is preserved as long as
the three head-group sites are filled. This must serve as a prediction, namely
that the three sites on the inositol ring are occupied in a stem cell. It is further
to be understood that stem cells get freshly identified or labeled by the genetic
pathway taken at each binary genetic decision, so that one may then end up
with ‘tail’ stem cells, ‘liver’ stem cells, and ‘neural’ stem cells, etc., denoting
that the cells have taken one or the other genetic pathway.

4 Morphology

One of the most fascinating problems in developmental biology involves un-
derstanding how tissues are shaped to produce highly organized embryos.
Model systems in various organisms have demonstrated the importance of
polarized epithelial cells in the developing embryo. Gastrulation is the ubiqg-
uitous stage during which three different germ layers are set aside. It follows
highly reproducible patterns of cell movements and rearrangements of epithe-
lial cells in each organism. The result of gastrulation is to produce an ‘in-
side’ and ‘outside’ to the organism, an endoderm and ectoderm, a protective
outer covering and a primitive gut. Gastrulation shares similarities in different
organisms, and the realization has emerged that complex three-dimensional
morphogenetic rearrangements take place from a very limited number of cell
biological processes.

Morphological shaping may be accomplished by way of five principal mech-
anisms, including cellular shape changes. These five may be enumerated as:
loss of epithelial polarity during epithelial to mesenchymal transition; apical
constriction of epithelial cells; cell intercalation; cell migration and finally,
polarized cell division. Pilot and Lecuit [50] have ably reviewed each of these
processes.

The proper architecture of tissues demands that epithelial cells display
an essential and typical apicobasal polarity. Epithelial cells have the ability
to stick closely together, and form protective barriers and to regulate cell
proliferation and differentiation; they are constrained in their ability to move
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through the formation of strong adhesive attachments at cell junctions. The
possibility of tissues to change shape appropriately during development is thus
highly constrained. Epithelial cells can nevertheless engage in a large number
of rearrangements, the differential remodeling occurring from three sources.
These are the apical surface, the basolateral surface or the junctional area,
these three membrane domains apparently each requiring their unique signal
[28,51]. Epithelial cells can then progress through numerous and complex
morphogenetic pathways at the same time as maintaining the integrity of the
epithelial tissue. Epithelial cell shape change is the focus of the morphological
shape change here.

Mesenchymal cells play an important role in development of all bilateral
animals. Their unpolarized nature endows them with the ability to migrate.
Cell migration is essential during a number of processes such as neural crest de-
velopment and mesoderm morphogenesis. Intercalation of mesenchymal cells
into epithelia is an important developmental activity, one often leading to
elongation of the anterior-posterior axis. Intercalation of mesenchymal cells
into an existing epithelial sheet can occur in several ways, for example, by
remodeling specific contacts in an ordered directional pattern so that they
progressively exchange places with their neighboring cells. Cells can also in-
tercalate by means of a process akin to cell migration [50].

Following the trajectory of individual epithelial cells is already a daunting
task as they slip and slide in the plane of the epithelial sheet, so often it
is most advantageous (as here) to follow small groups of cells, considered
as an ‘average’ cell. Modeling the behavior of migrating mesenchymal cells
presents an even greater challenge, one not attempted here. Suffice it to say
that during migration mesenchymal cells most often follow paths of chemical
gradients on epithelia sheets, or gradients of epithelial cell surface cues. We
confine our attention here to the geometry of epithelial sheets, as these are
most important in maintaining the organism’s geometric integrity.

The Mean and Gauss curvatures of the middle surface bisecting the ep-
ithelial sheet are H and K respectively. These two functions are necessary to
uniquely specify a surface. By surface is meant the middle surface bisecting
the apicobasal axis of the epithelial surface. The curvatures are usually de-
fined in terms of their two radii of curvature, or equivalently in terms of their
inverse curvature coefficients x; and ko. These definitions are K = xk1k2, and
H = (k1 + k2)/2 [24]. These quantities do not, however, immediately make
sufficient contact with more relevant ones of interest such as apical area, basal
area and height of a given cell. The two curvatures of the middle surface bi-
secting the sheet of thickness i can be most simply expressed in terms of three
quantities: the sheet thickness h, and the (dimensionless) apical and the basal
areas. These last two quantities are A and B and are the apical and basal
areas divided by the area of a (small, square, imaginary) middle surface at
each ‘point’ of the middle surface bisecting the epithelial sheet. Algebra alone
is required to determine the Gauss and mean curvatures of the middle surface
as a function of A, B and the sheet thickness h. Fig. 4 illustrates the three
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quantities A, B, and h, as well as the middle area A,, for three representative
‘cell’ shapes. The Gauss curvature K is then expressed as [17-19]

() (57) ®

The Mean curvature H is given simply as proportional to the apical-basal

area difference by
2 A-B
o= (i) (57) g

Both A and B satisfy 0 < (A, B) < 4. However, there is a maximum
curvature which may be achieved depending on h, the sheet thickness; if
A(or B) = 4, then B(or A) = 0. The inequality enforced by their defini-
tions, namely K < H?2, greatly restricts the possible domain of A and B in
the A, B plane [17].

A key goal is to determine, or rather provide a convincing model, of the
three quantities A, B and h, and thus K and H, in terms of the morphogen
densities Ry and Ry and their derivatives at each point of the surface. Such
specification will ‘close’ the model as far as being a closed set of coupled dif-
ferential equations. The boundary condition of continuity of the morphogens
and geometry is all that is further required to obtain solutions. The total area
of the sheet is specified phenomenologically as an increasing function of time.
The total area A(t) is to be supplied “by hand” in the present formulation, as
an increasing function. The locale of growth is not determined in the model,
a failing that is under consideration at present.

Equations (75) and (76) may be deduced by noting the rhomboid shape
of the sides of the unit cell in fig. 4. Three radii may be drawn corresponding
to each of the two (in general) different faces at right angles to each other.
These three radii for only one face will meet at a common point (the ‘origin’);
imagine radii running along the sides of the cells of fig. 4. Call these three
radii Ri4, R1p and Ry, the ‘1’ denoting face “1”. Here R, denotes the radius
from the origin to the apical area A,, Ry, denotes the radius from the same
origin to the basal area Ap, and R; is the distance from the same origin
to the (imaginary) middle area A,,. A similar construction is made for the
orthogonal “2” face. The definitions of K and H in terms of their radii of
curvature are [24] are

1 1 1 1
K= H==-|—+—| . 3
RiRy’ 2 <R1 + R2> 3)
Using the obvious definitions ajas = A,, bibs = A, and similarly for A,,,
along with the equations a;/R14 = b1/R1p and Ry, — R1p = h, together with
similar equations for cell side “2”, leads, after a little algebra, to eqs. (12) and

(13). The two ‘origins’ of the two orthogonal sides lie on opposite sides of the
epithelial surface for the case of fig. 4 where K < 0. The origins both lie below
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Fig. 4. Only geometrical changes that are considered in the present work are those
involving cell shape changes. Consider an epithelium and an ‘average’ cell. After
receiving the appropriate signal, the nucleus produces protein(s) which ultimately
migrate to localized positions in the cell, and affect cell shape changes. Fig. 4a
shows a situation of negative mean curvature H, and a positive Gauss curvature
K; the apical (square) area is smaller than the basal area. Fig. 4b shows a case
where H is positive, and again K is positive; the apical area is now larger than
the basal area. If such a cell were joined to other similar ones, the result would be
a sphere. A solid sphere with radius = h results if the basal area is zero, and the
ratio (apical area)/(middle area) = 4. Figures 4a and 4b represent situations usually
envisioned. Invagination however requires shapes with negative Gauss curvature,
and such a possible cell shape is shown labeled as K < 0. Such necessarily ‘twisted’
shapes have apical and basal area as rectangles oriented at right angles, as indicated.
As K becomes increasingly more negative, the apical and basal areas both shrink.
The limiting case of A = B = 0, when the rectangles become simply lines, would
give the maximally negative surface, a saddle, with H = 0, and K = —4/h?, h being
the epithelial sheet thickness.

the cell in fig. 4a, when H > 0, and both above in the case of H < 0 of the
middle cell.

Pattern is connected to geometry through the metric factor g which en-
ters the Laplacian of the pattern (eq. (80) below). The metric factor g is
determined by the Gauss curvature K via the exact Gauss equation

V2 log, () = —2K . (4)

The key Gauss equation, eq. (77) has been expressed in special “confor-
mal” coordinates. The coordinates have been chosen in this particular way for
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convenience, as well as simplicity. The coordinates are always taken as em-
bedded in the surface. The surface is covered everywhere by (infinitesimally)
small squares whose sizes vary, so that the squared distance between any two
nearby points designated by coordinates u and v is given by the Pythagoras-
like formula

ds* = g.(du® + dv?) . (5)

The area of each small square is then given by
dA = g(u,v).(dudv) . (6)

The function g carries the dimension of area, while the coordinates u and
v are simply dimensionless position markers. Note that neither the ‘metric’
function g nor the coordinates have a physical interpretation, but rather only
certain ‘real’ combinations do, such as dA and ds. (The metric of the space
is more properly a diagonal 2 x 2 tensor, and here, one with a single diagonal
element g). The total area, which is to be thought of as a increasing function
of time, mimicking growth, is the integral over the coordinates v and v of eq.
(79).

There is a small ‘price’ to pay for the adoption of the conformal coordi-
nates, and the resultant single metric coefficient function g. However, these
coordinates seem to be the most useful for surfaces which are changing shape
continually. Consider the simplest case of a sphere of radius R. In this case,
the (simplest) metric function is ¢ = R?/ cosh®(u), giving a bell shaped curve
for g, maximum at u = 0 and quickly falling to zero at the ‘poles’, as u — +o0.
The coordinate u runs from one pole to the other, and —oo < u < 400, ex-
cluding the mathematical points at the two poles. In practice, since the slope
(derivative) of the morphogen functions must be zero at the poles, the coordi-
nate u may be generally taken in numerical work as —10 < u < +10. It then
is to be remembered that the (infinitesimal) distance along the direction of u
is ds = v/g du. This simple example of the sphere serves to accentuate the dif-
ferences from the usual spherical polar coordinates used for spherical shapes.
The spherical polar coordinates begin to lose their meaning as invagination
proceeds, however.

The invariant Laplacian (e.g., egs. (12) and (13)) in these ‘conformal’

coordinates is 52 52
2_ 1 (07 O
V= g(u,v) \ Ou? toz) o (™)

displaying the metric function explicitly in the denominator. Any analytic
transformation of coordinates will preserve the covariant nature of the coor-
dinate system, and the form of eqgs. (77) — (80).

The Gauss curvature K is assumed to be a function of both morphogen
densities Ry and Rs and their derivatives, when a closed system is achieved in
the steady state. The (normed) receptor densities are assumed to be invariants.
Specific model forms for this functional dependence are discussed in Section
5, where it will be seen that there are a number of important constraints



A Model of Pattern Coupled to Form in Metazoans 69

on this choice. Once this specification of the Gauss curvature K is given in
terms of the receptor densities, three coupled second order partial differential
equations exist, which must then be solved in the steady state for the three
variables: the active receptor densities R; and R, and the metric function g.

The present model supposes that the active receptors will act to change
cell shape by a pathway to the genome, and not by a possibly more direct
pathway.

The active receptors set in motion numerous intermediate cytoplasmic
interactions, ones not specified in the model, and these ultimately activate
transcription factors in the nucleus. The complex cascade of intermediate
interactions is different for each signaling pathway, but the net result is in all
cases activation of specific master regulatory genes via transcription factors
[6]. This “canonical” pathway is expected to produce, among other things,
at least three protein factors affecting the cell and tissue shape, i.e., factors
most locally determining the three quantities h, A and B, or the Mean and
Gauss curvatures by egs. (4.1) and (4.2) at each point of the middle surface.
Epithelial sheets are characterized by cells which show columnar or cuboidal
shape, as well as pronounced apical-basal polarity. Tumors of epithelial origin
lose these characteristics. Candidate proteins which affect the model factors
A, B and h are expected to be factors that affect the actin cytoskeleton,
the microfilaments, the microtubules, and the intermediate filaments. The
actin cytoskeleton mediates a variety of essential biological functions in all
eukaryotic cells, in addition to providing a structural framework around which
cell shape and polarity coalesce [28,32,51]. The adhesion molecules such as
E-cadherin certainly also play a key role in tissue shape. Cadherin based
adherens junctions are found between polarized epithelial cells, and are also
intimately linked to the actin cytoskeleton, and Rho and Rac are required for
their assembly. There is now good evidence of the crucial effects of the Rho
GTPases on the organization of the actin cytoskeleton in all eukaryotic cells.
It is reasonable that Rho and Rac affect signaling pathways since adherens
junctions are known to participate in signal transduction pathways that affect
gene transcription.

Here again, the ubiquitous phosphoinositides (PI) are expected to play
an essential role. The function of actin-cytoskeleton regulation by phospho-
inositides has been reviewed by Maruta et al. [41]. Tapon and Hall [58] and
also Di Paolo and De Camilli [23] have discussed the role of the small GT-
Pases Rho, Rac and Cdc42 and their role in regulating the organization of the
actin cytoskeleton. There is a connection of the actin cytoskeleton with the
E-cadherin adhesion sites as well, as there is a projection of the microtubules
into the sites of adhesion.

Three factors have been identified as suspects that affect cell shape most
profoundly. These are the three gene products Scrib, Dlg and Lgl. Mutations
in any of the genes which produce the three factors lead to loss of apical-basal
polarity and overgrowth of epithelia. The Scrib and Dlg co-localize and over-
lap with Lgl in epithelia, and these three ‘tumor suppressors’ act together in a
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common pathway to regulate both cell polarity and growth control [4,34,37].
Gene products encoded by tumor suppressor genes are of several different cat-
egories, such as cell surface receptors of the signaling pathways (e.g., Frizzled
and Patched), cell adhesion molecules such as E-cadherin, cytoplasmic pro-
teins such as PTEN and APC, and nuclear factors such as p53 [57]. The APC
protein is involved in regulating the cellular cytoskeleton, and also involved
with the efficient turnover of S-catenin in the Wnt pathway [40]. It is of most
interest to note that most of the tumor suppressor gene products are involved
in signal transduction pathways involved with cell growth or apoptosis. The
interaction or relationship of the GTPases with the three proteins, Scrib, Dlg
and Lgl is however not at present known. More specifically, the connection
between the three proteins Scrib, Lgl and DIg and changes in the quantities
A, B and h are not at present known, but is knowledge to be desired.

Certain reasonable assumptions are made in the sample numerical work
shown in fig. 5. Gastrulation or invagination occurs easily however if the mean
curvature H, eq. (76), is taken as simply proportional to the morphogen dif-
ference (R; — fRs), where f ~ 1. The Gauss curvature K is then found from
K = H? — D?, when D? is taken as proportional to the squared gradient
of the morphogen difference [16,17]. The invariant D? is the square of the
difference of the two curvature coefficients k; and ko divided by two. Much
ignorance prevails at present concerning the connection between A, B and the
three protein factors of the previous paragraph, or of the role of the phospho-
inosotides. It is reasonably safe to say that the particular docking sites which
are filled on the inositide ring, as well as the density of such sites filled, can
determine the apical surface area of a cell. In the model calculations of fig. 4,
the apical area A has been taken to be linear in R;, while the basal area is
assumed linear in Ry, so that the mean curvature in eq. (76) is linear in the
difference of the two densities.

It remains also to determine the variation of h, the sheet thickness, with the
model variables; the sheet thickness h is simply held constant in the illustrative
numerical work of fig. 5. It seems reasonable that the thickness may be affected
by the adhesion molecules; when adhesion is strong the cells squeeze together
tightly, and the ce